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Logical Frameworks

Formal systems based on a typed A-calculus

Connected (somewhat unexpectedly) with proof systems via
the Curry-Howard Correspondence, interpreting
formulas-as-types and proofs-as-programs.

Serve as bases for various interactive theorem provers
e Coq, Lego, Twelf

Harper-Honsell-Plotkin’s Edinburgh Logical Framework - LF
e Featuring dependent types - types depending on terms

Coquand’s Calculus of Constructions

o Featuring type polymorphism, dependent types, and
higher-order types.
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What would we like to do?

e Difficult and cumbersome encodings of side conditions - we
would like to make that a little easier and a lot more natural.

e Somehow separate derivation and computation - maybe have
conditions verified externally.

o Allow the interaction and co-operation of various formal
provers. Maybe even leave room for some “informal”
mechanisms.
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Pseudo-syntax of LFp

e Five syntactic categories: signatures (for type and term
constants), contexts (for variables), kinds, types, and terms.

> € S Y =0|XaK|X, co Signatures
rec r:==0|lxo Contexts
K ¢ K K = Type | MNx:0.K Kinds
o,,p € F o = al|Nxor|oN| 57/\7,0[9] Families (Types)
M,N € O M :=c|x|XxoM|MN |

)

‘ CE,U[M] | uﬁ,J[M] Objects (Terms)
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Judgements in LFp

The type system for LFp proves the following five judgements:

Y sig > is a valid signature
Fs I [ is a valid context in
MN-s K Kisakindinl and X

Ny o: K o has kind K inT and &
ks Mo M has type g in [ and &
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Type System for LFp - Signatures

Signatures serve to keep track of constant types and terms.

e An empty signature is a valid signature.

0 sig
e A valid signature ¥ can be extended with a fresh family a,
whose kind K is a kind in the empty context and signature .
Y sig by K a ¢ Dom(X)
>, a:K sig

e A valid signature X can be extended with a fresh object c,
whose type o has kind Type in the empty context and
signature 2.

Y sig Fy 0:Type ¢ & Dom(X)
Y, Cio sig
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Type System for LFp - Contexts

Contexts keep track of variables.
e An empty context is a valid context in any valid signature >.
Y sig
|—): Q)
e A valid context I in the signature  can be extended with a

fresh variable x, whose type is of kind Type in ' and X.

Fe T Thy o:Type x & Dom(IN)
Fs I xo
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Type System for LFp - Kinds

o If I is a valid context in the signature ¥, then Type is a kind
inl and .
Fs T
5 Type

e If K is a kind in the context I, x:c and signature ¥, then the
dependent product lNx:0.K is a kind in [ and .

Nxoblsy K
Iy MNxio.K
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Type System for LFp - Types
e If I is a valid context in the signature ¥, then any family a of
kind K belonging to X also has kind K in I and X.

Fy I aK eX
Fl—za:K

e If 7 has kind Type in the context I, x:o and signature X, then
the dependent product lNx:o.7 has kind Type in [ and X.
I x:o s 7: Type
5 Mx:o.7 : Type

e If o has kind Nx:7.K in the context ' and signature ¥, and N
has type 7 in [ and X, then the application of N to ¢ has
kind K, in which all occurrences of x have been substituted
for N, in I and X.

lbso:MNxm.K Thks N7
oN: K[N/x]
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Type System for LFp - More Types

e If p has kind K in the context [ and signature ¥, and N has
type o in [ and X, then the type locking p with a predicate P
on 'ty N : o has kind Type in I and X.

s p:Type T N:o
My Eﬁ’o[p] : Type

e If o has kind K in the context [ and signature ¥, and K is
definitionally equal to K’, which is a kind in I and ¥, then o
also has kind K’ in T and X.

Mso:K Ths K K=K’
My o: K
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Type System for LFp - Terms

e If I is a valid context in the signature ¥, then any object ¢ of
type o belonging to X also has type o in I and X.
Fs T coeX
[Fsc:o

e If [ is a valid context in the signature ¥, then any variable x
of type o belonging to I' also has type o in I and .
Fs I xoel
Py x:o

e If M has type 7 in the context I, x:0 and signature X, then
the abstraction Ax:0.M has type lNx:o.7 in [ and X.
MNxobs M:T
s Ax:o.M : TMx:o.1
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Type System for LFp - More Terms

e If M has type lNx:o.7 in the context I' and signature X, and N
has type o in I and ¥, then the application of N to M has
type 7, in which all occurrences of x have been substituted for
N,inT and .

s M TMxior TEs N7
MN : 7[N/x]

e If M has type p in the context I" and signature ¥, and N has
type o in I and X, then M, locked with the predicate P on
"= N : o has type p, locked with the predicate P on
Fs N:o,inT and X.

s M:p THe N:o
s L ,IM] - L] 0]
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Type System for LFp - Even More Terms

e If M has type p, locked with the predicate P on I -y N:o in
the context I and signature ¥, N has type ¢ in [ and X, and
P(T Fx N:o) holds, then M, unlocked with P on I 5 N:o
has type pin [ and X.

P N:o)
MEs M: LY 0]

My L{ﬁo[l\/l] p

MN-sN:o

e If M has type o in the context I and signature X, and o is
definitionally equal to ¢/, which has kind Type in I and X,
then M also has type ¢’ in I and X.

s M:o Thy o' :Type o=sc0’
rl—zMZO'/
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Definitional Equality in LFp
In LFp, there are two types of reduction:
e Standard S-reduction on the level of kinds, types, and terms:
(Ax:o.M) N —, M[N/x].

e A new form of reduction, L-reduction, on the level of terms,
where a lock dissolves in the presence of an unlock:

uﬁ,o‘ [£E7U[M]] —BL M.

Notice that predicate validity check is required for the unlock
constructor to be applied, and not during reduction. Also, there is
no need for L-reduction at the level of types.
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Strong Normalization

e We will rely on the Strong Normalization of LF.

o Let us begin by defining the function ~“£ : LFp — LF:

1. Type 4~ Type, a Ut UL — ¢ xTULE = x,
MNx:0. T) Y- = Nx:g UL TUE

E)\x o. T) UL = \x:g UL T UL
(T
- (LR

=a, ¢

) T ur M~ Z/IL’

TN UE = xpio UE TUE) N—UE
. (u,(,”g[T]) UL = (\xpio UL TUL) NUE
which maps derivable judgements of LFp into derivable
judgements of LF, stripping away the £ and U.

g~ N

[e)}

e Note the free variable x¢, which preserves N and o from the
lock and unlock operators.
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Strong Normalization

e [-reductions cannot create new [-redexes in T, but can only
“unlock” them, and these unlocked redexes remain in TY~:

UN LN T MM — 2 Axcm.M M

e Therefore, at least as many [-reductions can be performed in
T—Y£ as can be performed in T:

maxs(T) < maxg(T %) < oo.

e Thereis no LFp term T with an infinite S-reduction sequence.
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Strong Normalization

Theorem (Strong normalization of LFp)

1. IfT =5 K, then K is SL-strongly normalizing.
2. ifT s 0 : K, then o is BL-strongly normalizing.
3. if = M : o, then M is 3L-strongly normalizing.

Proof for all three cases.

Let us suppose that maxgz(T) = oo. Then, it must be that

max.(T) = co. But, we initially only have finitely many £-redexes, and
this can increase only by a finite number at a time (through S-reduction).
Therefore, it must be that maxg(T) = oo, which is not possible. O
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Confluence

e First, we prove the following lemma:

Lemma (Local confluence of LFp)
BL-reduction is locally confluent, i.e.

o If T =g T and T —p. T, then there exists a T", such
that T’ —»3L K" and T" —»3L T,

e Then, using Newman's lemma (local confluence + strong
normalization — confluence), we obtain:

Theorem (Confluence of LFp)
B L-reduction is confluent, i.e.

o If T =3, T and T —»s, T, then there exists a T", such
that T' =gz K" and T" —»g. T".
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Subject Reduction

This time, we need additional conditions on the predicates:

Definition (Well-behaved predicates)
A predicate P is well-behaved if it satisfies the following conditions:
Closure under signature and context weakening and permutation:
o ¥ Qsig, X CQ,P(MFx a) = P(Itq a).
o Fy s ATCAP(MTEs @) = P(A by «).
Closure under substitution:
o P(Mxo',"Fs N:o),TkFs N : 0" —
P, [N'/x] Fs N[N'/x] : o[N'/x]).
Closure under reduction:
e PTks N:o),N =z N = P(Tx N : o).
e P(Tkx N:o),0 =g 0’ = P(MTks N:o’).
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Subject Reduction

With the well-behavedness conditions imposed on predicates, and
several more standard auxiliary lemmas, including:

e subderivation,

e weakening and permutation,
e transitivity,

e unicity of types and kinds,

we can prove subject reduction of LFp:

Theorem (Subject reduction of LFp)

If predicates are well-behaved, then:
1. IfT s K, and K = K/, then T s K.
2. IfTFs o: K, and o =g o, then T 5 o' : K.
3. IfTks Mo, and M —g, M', thenT by M’ : 0.
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Other Properties of LFp

e LFp is decidable, if the predicates are decidable.

o If a predicate is definable in LF, i.e. if it can be encoded via
the inhabitability of a suitable LF dependent type, then it is
well-behaved.

o All well-behaved recursively enumerable predicates are
LF-definable by Church's thesis. But not that easily. Consider
e.g. the well-behaved predicate “M, N are two different closed
normal forms”, which can be immediately expressed in LFp.
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n-long Normal Forms in LFp

Definition (Fully applied and unlocked occurrences)

An occurrence £ of a constant or a variable in a term of an LFp
judgement is ful/y applied and unlocked with respect to |ts type or
kind MX1:771. El[ X, 0. il nla] . ..], where El,.. E are
vectors of Iocks if £ appears in contexts of the form R

L{n[( (U1[§M1]) M), where I\/Il7 . M,,, Uy,..., U, have
the same arities of the corresponding vectors of [1's and locks.

Definition (Judgements in n-long normal form)

e Aterm T in a judgement is in n-Infif T is in normal form and
every constant and variable occurrence in T is fully applied
and unlocked w.r.t. its classifier in the judgement.

e A judgement is in n-Infif all terms appearing in it are in n-Inf.
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Untyped A-calculus

e The syntax:

M;N,...:=x| M N | Ax.M.

e The strategy:
e Higher-Order-Abstract-Syntax (HOAS)
e Delegating a-conversion and capture-avoiding substitution to
the metalanguage.
e Modeling free and bound variables so that the
well-behavedness conditions for the predicates are met.

e Signature X for the untyped A-calculus in LFp:

nat :
0 :
S :
free :
app :
lam :

Type

nat

nat -> nat

nat -> term

term -> term -> term
(term -> term) -> term

The type of natural numbers
Zero is a natural number
The successor function
Modeling free variables
Application

Abstraction
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Untyped A-calculus

Natural numbers encoded in the standard way

Variables of the untyped A-calculus enumerated: {x;};cm {0}

The encoding function ey, mapping the terms of the untyped
A-calculus into terms of LFp:

_oxiifxeX
ex(x) = { (free i), if ; ¢ X
ex(MN) = (app ex(M)ex(N)),
ex(Ax;.M) = (lam Ax;:term.exy(y,}(M)).

Therefore, €y(x,) = (free n), but
€0(Axn-Xn) = (1am Axyiterm.efy 3(xn)) = (lam Axy term.xy).
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Untyped A-calculus

e In this way, we ensure that we can abide by the “closure under
substitution” condition for the predicates, while still retaining
the ability to handle “open” terms explicitly.

e We have the following adequacy theorem:

Theorem (Adequacy of syntax)

Let {xi}iem\ {0} be an enumeration of the variables in the \-calculus.
Then, the encoding function ey is a bijection between the A-calculus
terms with bindable variables in X and the terms M derivable in

Jjudgements T Fs, M : term in n-Inf, where T = {x : term | x € X'}.

e However, here we don't use the main features of LFp - locked
types and external predicates. So, let us try to add to this
encoding a call-by-value reduction strategy.
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Untyped A-calculus with call-by-value reduction

e Reduction induces an equivalence relation on the set of terms:
eq : term -> term -> Type

e Symmetry:
Fecgy M= N

symm : [MM:term.lN:term.(eq N M) -> (eq M N)

e Conditional S-reduction:
v is a value
Fesy (Ax-M)v = M[v/x]

betav : [IM: (term -> term).[IN:term.
£yl leq (app (lam M) M) (M N)]
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Untyped A-calculus with call-by-value reduction

e Conditional S-reduction:

betav : [IM: (term -> term).[lIN:term.
LYl [eq (app (lam M) N) (M N)]

N,term

e The predicate Val(l' Fx N : term) holds iff either N is an
abstraction or a constant (a term of the shape (free i));
Val(l Fx N: term) =

let norm=NF(N) in
match norm with
| app M’ N’ => false
| - => true
end

e The predicate Val is well-behaved.
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Untyped A-calculus with call-by-value reduction

Theorem (Adequacy of CBV reduction)

Given an enumeration {x;}ic\ (o} of the variables in the
A-calculus, there is a bijection between derivations of the
Jjudgement Fcgy M = N on terms with no bindable variables in
the CBV A-calculus and proof terms h, such that

Fs sy Bt (eq (M) €g(N)) is in n-Inf.

Conclusions
[e]e]
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Necessitation in Modal Logics

Side-conditions on application of inference rules:
From ¢ infer O¢, if ¢ is a theorem.

We can encode this in LFp with relative ease:

NEC : I_Id):o.l_lm:True(gZ)).Egl,r"rsueed(qﬁ)[True(Dgf))]

where o : Type is the type of propositions, and True : o —>
Type is the truth judgement.

The predicate Closed(l Fx m: True(¢)) holds iff “all of the
free variables that occur in m are of type o”.

The predicate inspects the environment and has to be defined
on typed judgements.
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Several further examples

e Capturing m-calculus. The reduction rule taking into
account structural congruences between processes, namely

P=P P —Q Q=Q
P— Q@

can be easily encoded in LFp as:

ﬁfﬁﬁﬁ,m [(red P Q)]

where red encodes the reduction relation —, and the
external predicate Struct holds iff P= P’ and Q' = Q.

e Capturing Deduction Modulo. The rule:

C A— B A=C
B

can be encoded as:

2=:MA, B, C:o.lx: True(A — B).My: True(C).L74 [ True(B)].
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What did we get with LFp?

A mechanism allowing the interconnection of different formal
(and informal) verification tools.

Easy encodings of side-conditions on applications of rules.

Subsumption of a number of well-known formal systems from
the literature.

An elegant separation between derivation and computation.

Cleaner and more readable proofs.
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The end of the presentation

Thank you for your attention!
Any questions?
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