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Abstract. Our aim is to present what we call the lower and the upper hierarchies of the
real valued probability logics with probability operators of the form P>, and Qr, where s €
[0,1]g = [0,1]NQ and F is a recursive subset of [0, 1]g. The intended meaning of Ps .« is that
the probability of « is at least s, while the intended meaning of Q) r« is that the probability of «
isin F.

Introduction

The modern probability logics arose from the work of Jerome Keisler on generalized quan-
tifiers and hyperfinite model theory in the mid seventies of the twentieth century [8]. Another
branch of research that was involved with automatization of reasoning under uncertainty have led
to development of numerous Hilbert style formal systems with modal like probability operators,
see for instance [5, 2, 11, 13, 14, 17, 18, 20, 23, 24]. The simplest form of such representa-
tion of uncertainty does not allow iteration of probability operators, so formulas are Boolean
combinations of the basic probability formulas, i.e. formulas of the form

ProbOp(ai,...,Qn),

where a1, . .., ay are classical (propositional or predicate) formulas and ProbOp is an n-ary
probability operator. Weighted probability formulas used by Fagin, Halpern and Megiddo in [2]
can be treated as n-ary probability operators. For instance,

w(@) + 3w(8) — 5w(y) > 1

is example of a ternary probability operator.

The vast majority of those formal systems have unary or binary probability operators. The
unary operators are used for statements about probability of classical formulas: for example we
use

Ps3/4(pV q)
to express “the probability of p V ¢ is at least 3/4”, while

Qz2r | nemy(PVq)

in our notation reads “the probability of p V ¢ is an element of the set {75 [ n € N}”. The
binary operators are usually used for the expression of conditional probability: for instance, we
use

CPs1/3(p,q)
to express that the conditional probability of p given g is at least 1/3.



Over the course of two decades we have developed various probability logics with the men-
tioned types of probability operators - an extensive survey including a uniform notation for logics
is presented in [17]. The aim of this paper is to put the certain class of probability logics into the
wider context of mathematical phenomenology - to compare mathematical concepts according
to some natural criterion (expressive power, class of models, consistency strength and so on).
Here we will focus on the classification of two sorts of probability logics: LP P> p,g,0 logics
introduced in [12] and LPP2F r(n) logics introduced in [3, 13, 17, 20, 24] (L for logic, the first
P for propositional, and the second P for probability). Independently, several authors in [4, 6]
have developed the fuzzy logics FP(L,,) that extend Lukasiewicz logic. The LPP)"™ logics
can be embedded into those logics. For the LP P> p g 0 logics we introduce the comparison
criterion with respect to the classes of models, while the LPP2F r(n) logics we compare in terms
of the interpretation method. We show that both criteria can be joined in a single one. Thus we
have obtained the hierarchy of probability logics where the lattice of LPP» p .0 logics is the
end extension of the lattice of LPP}"™ logics.

Acknowledgements

The authors are partially supported by Serbian ministry of education and science through
grants 111044006, 111041103, ON174062 and TR36001.

References

[1] R. Djordjevi¢, M. Raskovié, Z. Ognjanovi¢. Completeness theorem for propositional prob-
abilistic models whose measures have only finite ranges. Archive for Mathematical Logic
43, 557 -563, 2004.

[2] R. Fagin, J. Halpern, N. Megiddo. A logic for reasoning about probabilities. Information
and Computation 87(1-2), pp 78-128, 1990.

[3] M. Fattorosi-Barnaba and G. Amati. Modal operators with probabilistic interpretations I.
Studia Logica 46(4), 383-393, 1989.

[4] T. Flaminio, L. Godo. A logic for reasoning about the probability of fuzzy events. Fuzzy
Sets and Systems, 158(6): 625638, 2007.

[5] L. Godo, E. Marchioni. Coherent conditional probability in a fuzzy logic setting. Logic
Journal of the IGPL, Vol. 14 No. 3, pp 457-481, 2006.

[6] P. Hajek, L. Godo, F. Esteva, Fuzzy Logic and Probability. In Proc. of UAI95, Morgan-
Kaufmann, 237-244, 1995.

[7]1 N.Ikodinovi¢,, M. Raskovié, Z. Markovié, Z. ognjanovié. Measure logic. ECSQARU 2007:
128-138.

[8] H. J. Keisler. Probability quantifiers. In J. Barwise and S. Feferman, editors, Model—-
Theoretic Logics, Perspectives in Mathematical Logic, Springer—Verlag 1985.

[9] H.J. Keisler. Elementary calculus. An infinitesimal approach. 2nd edition, Prindle, Weber
and Schmidt, Boston, Massachusets, 1986.

[10] D. Lehmann, M. Magidor. What does a conditional knowledge base entail? Artificial
Intelligence, 55, 1-60, 1992.

[11] N. Nilsson. Probabilistic logic. Artif. Intell. 28, 71-78, 1986.

[12] Z. Ognjanovi¢, M. Raskovi¢. Some probability logics with new types of probability oper-
ators, J. Logic Computat., Vol 9 No. 2, pp 181-195, 1999.



[13] Z. Ognjanovi¢, M. Raskovi¢. Some first-order probability logics. Theoretical Computer
Science 247(1-2), pp 191-212, 2000.

[14] Z.Ognjanovi¢, Z. Markovié, M. Raskovié. Completeness Theorem for a Logic with impre-
cise and conditional probabilities. Publications de L’Institute Matematique (Beograd), ns.
78 (92) 35 - 49, 2005.

[15] Z. Ognjanovi¢. Discrete linear-time probabilistic logics: completeness, decidability and
complexity. J. Log. Comput. 16(2), pp 257-285, 2006.

[16] Z. Ognjanovi¢, A. Perovi¢, M. Raskovié. Logics with the qualitative probabilty operator.
Logic journal of the IGPL 16(2), 105-120, 2008.

[17] Z. Ognjanovié, M. Raskovi¢, Z. Markovié. Probability Logics. Zbornik
radova. Logic in Computer Science (edited by Z. Ognjanovi¢), 12(20), 35-
111, Mathematical Institute of Serbian Academy of Sciences and Arts, 2009.
http://elib.mi.sanu.ac.rs/files/journals/zr/20/n020p035.pdf

[18] Z. Ognjanovié, M. Raskovié, Z. Markovié, and A. Perovi¢, On probability logic, The
IPSI BgD Transactions on Advanced Research, 2— 7, Volume 8 Number 1, 2012. (ISSN
1820-4511)

[19] A. Perovi¢, Z. Ognjanovié, M. Raskovi¢, Z. Markovi¢. A probabilistic logic with polyno-
mial weight formulas. FoIKS 2008, pp 239-252.

[20] M. Raskovi¢. Classical logic with some probability operators. Publications de I’institut
mathematique, Nouvelle série, tome 53(67), 1-3, 1993.

[21] M. Raskovi¢, Z. Ognjanovi¢. A first order probability logic L Pg. Publications de I’institut
mathematique, Nouvelle série, tome 65(79), pp 1-7, 1999.

[22] M. Raskovié, Z. Ognjanovié, Z. Markovié. A logic with Conditional Probabilities. In J.
Leite and J. Alferes, editors, 9th European Conference Jelia’04 Logics in Artificial Intelli-
gence, volume 3229 of Lecture notes in computer science, pages 226-238, Springer-Verlag
2004.

[23] M. Raskovié, Z. Ognjanovi¢, Z. Markovi¢. A logic with approximate conditional probabil-
ities that can model default reasoning. Int. J. Approx. Reasoning 49(1): 52-66, 2008.

[24] W. van der Hoek. Some considerations on the logic Pr D: a logic combining modality and
probability. Journal of Applied Non-Classical Logics, 7(3), 287-307, 1997.



