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Escalation In 2014

High-frequency trading
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Escalation In 2014

Evolution of inequalities

Evolution des revenus moyens par quantiles 1996-2006 en France
Base 100 en 1996 (Source : Piketty, Land:

amm P99,99-100 (Revenu moyen 2006 = 2 070 000 € ; croissance moy /an 1996-2006 = +6,1 %} 189
— P99,9-99,99 (Revenu moyen 2006 = 505 000 € ; croissance +4,1%)
= P99,5-99,9 (Revenumoyen 2006 = 218 000 € ; croissance +2,7 %)

——P99-995  (Revenumoyen 2006 = 139 000 €; croissance +2,1 %)

(Revenu moyen 2006 = 81400 € croissance +1,3%)
(Revenu moyen 2006 = 54000 € ; croissance +0,8%)
(Revenumoyen 2006 = 18600 € ; croissance +1,3 %)

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006
© Olivier Berruyer, wwwles-crise:
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Escalation In 1720

South Sea Bubble

claimed to be Newton's view
on the outcome of
the (1720).
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Escalation In 1971

The Dollar Auction

In 1971, in a paper called

Martin Shubik described an infinite game.
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Escalation In 1971

The Dollar Auction (the story revisited)

For charity, an object is sold on an auction made a special way.
There is a piggy bank (or a hat).

To bid, each person puts one euro in the piggy bank which is never
returned to him.
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Escalation In 1971

The Dollar Auction: a game with costs

Assume that there are two bidders (4iice and Bob) and that the value of the
object is v €.

We count in term of for the bidder.
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Escalation In 1971

The Dollar Auction: a game with costs

Assume that there are two bidders (4iice and Bob) and that the value of the
object is v €.

We count in term of for the bidder.

After v + n turns

the bidder who has the object has a cost of n and
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Escalation In 1971

Escalation

The Dollar Auction game may lead to escalation,
i.e., players may play forever.
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Escalation In 1971

Escalation

The Dollar Auction game may lead to escalation,
i.e., players may play forever.

The Dollar Auction Game is by definition an infinite game,

Shubik (1971), p. 109.

coinduction
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Escalation In 1971

Is escalation in the Dollar Auction rational?

paradox
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Escalation In 1971

Is escalation in the Dollar Auction rational?

Escalation is irrational.
paradox

Shubik (1971), p .110.
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Escalation In 1971

Is escalation in the Dollar Auction rational?

Escalation is irrational.
paradox

Shubik (1971), p .110.

inconsistent

Osborne An Introduction to Game Theory,
Oxford, (2004). p 175.

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 12 / 47



Escalation In 1971

Is escalation in the Dollar Auction rational?

Escalation is irrational.
paradox

Shubik (1971), p .110.

inconsistent

Osborne An Introduction to Game Theory,
Oxford, (2004). p 175.

Theorem:

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 12 / 47



Escalation In 1971

Is escalation in the Dollar Auction rational?

Escalation is irrational.
paradox

Shubik (1971), p .110.

inconsistent

Osborne An Introduction to Game Theory,
Oxford, (2004). p 175.

Escalation is rational.

Theorem: The game has an escalation.

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 12 / 47



Escalation In 1971

Is escalation in the Dollar Auction rational?

Escalation is irrational.
paradox

Shubik (1971), p .110.

inconsistent

Osborne An Introduction to Game Theory,
Oxford, (2004). p 175.

Escalation is rational.

Theorem: The game has an escalation.

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 12 / 47



Escalation In 1971

Why this discrepancy?
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Escalation In 1971

Why this discrepancy?

For Osborne et al. the resources are finite.

Osborne An Introduction to Game Theory,
Oxford, (2004), p. 176.
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Escalation In 1971

Why this discrepancy?

For Osborne et al. the resources are finite.

Osborne An Introduction to Game Theory,
Oxford, (2004), p. 176.

Hence the escalation among rational agents should not occur, as
noticed by Shubik.
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Why this discrepancy?

For Osborne et al. the resources are finite.

Osborne An Introduction to Game Theory,
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Escalation In 1971

Why this discrepancy?

For Osborne et al. the resources are finite.

Osborne An Introduction to Game Theory,
Oxford, (2004), p. 176.

Hence the escalation among rational agents should not occur, as
noticed by Shubik.

With infinite resources, escalation can happen.

In a world of finite resources )

In a world of infinite resources J
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Escalation In 1971

A problem with Shubik’s analysis

Shubik (1971), p .110.
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Escalation In 1971

The Dollar Auction pictured

DR CD e €T e C R

v+4n,n n+1l,v+n v+n+1l,n+1 n4+2,v+n+l
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Escalation In 1971

The Dollar Auction pictured

DR CD e €T e C R

v+4n,n n+1l,v+n v+n+1l,n+1 n4+2,v+n+l

We will focuse on a simpler game (1 and 0, are costs)

‘—) ...... r— Bob s s
|
1,0 0,1 ‘

1,0 0,1 1,0

-~ —
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Sequential games

Sequential games (intuitive presentation)
Infinite games

Finite sequential games in COQ

Infinite sequential games in COQ
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Sequential games  Sequential games (intuitive presentation)

What is a sequential game?

A is described by a labeled tree
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Sequential games  Sequential games (intuitive presentation)

profile ?
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Sequential games  Sequential games (intuitive presentation)

What is a Nash equilibrium?

A is a strategy profile where if an agent changes alone
his action he will get a utility which is not better.
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Sequential games  Sequential games (intuitive presentation)

What is a Nash equilibrium?

A is a strategy profile where if an agent changes alone
his action he will get a utility which is not better.

This way of computing Nash equilibrium is called
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Sequential games  Sequential games (intuitive presentation)

What is a Nash equilibrium?

A is a strategy profile where if an agent changes alone
his action he will get a utility which is not better.

This Nash equilibrium is also called a
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Sequential games Infinite games

We are interested in :
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Sequential games Infinite games

We are interested in :

and to the to infinite games.
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Sequential games  Finite sequential games in COQ

Finite sequential games as inductive objects

A finite sequential games is described by induction from its
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Sequential games  Finite sequential games in COQ

Finite sequential games as inductive objects

A finite sequential games is described by induction from its subgames.
Without loss of generality, we restrict to
A is

either a node, assigned to a player, with two subgames,

or a leaf.
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Sequential games  Finite sequential games in COQ

Finite sequential games as inductive objects

A finite sequential games is described by induction from its subgames.

Without loss of generality, we restrict to binary sequential games.
A is

either a node, assigned to a player, with two subgames,

or a leaf.
Inductive FinGame : Set :=
| gleaf : Utility fun — FinGame
| gNode : Agent — FinGame — FinGame — FinGame.
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Sequential games  Finite sequential games in COQ

Utility and utility functions

Utility_fun is a function which associates a utility (a cost or a payoff)
with an agent:

Definition Utility fun := Agent — Utility.
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Sequential games  Finite sequential games in COQ

A finite strategy profile is also an inductive

Inductive FinStratProf : Set :=
| sLeaf : Utility_fun — FinStratProf
| sNode : Agent — — FinStratProf — FinStratProf

— FinStratProf.
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Sequential games  Finite sequential games in COQ

A finite strategy profile is also an inductive

Inductive FinStratProf : Set :=
| sLeaf : Utility_fun — FinStratProf

| sNode : Agent — Choice — FinStratProf — FinStratProf
— FinStratProf.

A strategy profil is written < f>> and < a, c, s/, sr>>.
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Sequential games  Finite sequential games in COQ

From finite strategy profile to utility function

Fixpoint f2u (s:FinStratProf) : TUtility fun :=
match s with

| <uf > => uf

| <a, 1, sl, s&> => (f2u sl)

| <a, r, sl, s> => (f2u sr)

end.
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Sequential games  Finite sequential games in COQ

Backward induction

Inductive BI: FinStratProf — Prop :=

| BILeaf:
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Backward induction

Inductive BI: FinStratProf — Prop :=
| BILeaf: V uf:Utility fun, BI (sLeaf uf)
| BINode_left:
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Sequential games  Finite sequential games in COQ

Backward induction

Inductive BI: FinStratProf — Prop :=
| BILeaf: V uf:Utility fun, BI (sLeaf uf)

| BINode_left: V (a:Agent) (sl sr: FinStratProf),
BI s1 — BI sr — (f2u sr a <f2u sl a) — BI (<a left sl sr >

| BINode_right:
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Sequential games  Infinite sequential games in COQ

Coinductive Games

CoInductive Game : Set :=
| gleaf : Utility fun — Game
| gNode : Agent— Game — Game — Game.
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Sequential games  Infinite sequential games in COQ

From infinite strategy profiles to utility function

The utility function s2u is , but a ,
since it is no more total.
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Sequential games  Infinite sequential games in COQ

From infinite strategy profiles to utility function

The utility function s2u is no more a function, but a relation,
since it is no more total.

It returns a value only on strategies which go eventually to a leaf.
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Sequential games  Infinite sequential games in COQ

The predicate Leads to a leaf

This requires to introduce a predicate on strategies,
(also called and written )

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 29 / 47



Sequential games  Infinite sequential games in COQ

The predicate Leads to a leaf

This requires to introduce a predicate on strategies,
(also called and written )

Roughly speaking,
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Sequential games  Infinite sequential games in COQ

Existence and uniqueness

On strategies that leads to a leaf, one gets
and of the utility
associated with each agent.
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Sequential games  Infinite sequential games in COQ

Existence and uniqueness

On strategies that leads to a leaf, one gets
and of the utility
associated with each agent.

Lemma Existence_i2u: ¥ (a:Agent) (s:StratProf),
LeadsTolLeaf s — 3 u:Utility, i2u a u s.

Lemma Uniqueness_i2u: ¥ (a:Agent) (u v:Utility) (s:StratProf),
LeadsTolLeaf s — i2uaus — i2uavs— u=v.
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Sequential games  Infinite sequential games in COQ

The predicate Always leads to leaf

A strategy profile
if all strategy sub profiles

Also called and written
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Sequential games  Infinite sequential games in COQ

SubGame Perfect Equilibria

Colnductive SGPE: StratProf — Prop :=
| SGPE_leaf: V f:Utility_fun, SGPE (<f>)
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Sequential games  Infinite sequential games in COQ

SubGame Perfect Equilibria
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Examples of games with escalation

The 0, 1 game
“lllogic” conflict of escalation revisited
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Examples of games with escalation

The 0, 1 game
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The strategy profile Alice continues, Bob stops
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Examples of games with escalation The 0, 1 game

—.> ...... r"*r—‘*
1 1
1,0 0,1 ¥ 1,0 0,1 1,0 ¥
@ Bob Y™ = ... \" Bob @ —sp=
I |
v v

1,0 0,1 1,0 0,1 1,0
The strategy profile Alice stops, Bob continues
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Examples of games with escalation The 0, 1 game

Two SGPE's

The strategy profile Alice continues, Bob stops is a SGPE. J
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Examples of games with escalation The 0, 1 game

Two SGPE's

The strategy profile Alice continues, Bob stops is a SGPE.

The strategy profile Alice stops, Bob continues /s a SGPE.
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Examples of games with escalation The 0, 1 game

The escalation

At each step
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Examples of games with escalation The 0, 1 game

The escalation

At each step Alice is rational if she continues.
At each step Bob is rational if he continues.

As a sequence of rational decisions,
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Examples of games with escalation “lllogic" conflict of escalation revisited

“lllogic” conflict of escalation revisited
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Examples of games with escalation “lllogic" conflict of escalation revisited

The Dollar Auction revisited

: @ Bob @ Bob ) T 2 >

v+4n,n n+1l,v+n v+n+1l,n+1 n4+2,v+n+l
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Alice abandons

In Shubik’'s game, we can prove that the strategy

@ >>

b XK}

v+n,n n+1,v+n v+n+1,n+1 n+2,v+n+1
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Examples of games with escalation

“lllogic" conflict of escalation revisited
Alice abandons

In Shubik’'s game, we can prove that the strategy

v

v+n,n n+1,v+n

b XK}

v+n+1,n+1 n+2,v+n+1

Alice takes Bob's threat as credible and considers it is better to give up.
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Examples of games with escalation

Bob gives up

“lllogic" conflict of escalation revisited

The strategy

~~~~~~~ GGG

v+n,n n+1,v+n v+n+1,n+1 n+2,v+n+1 Y
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Examples of games with escalation

Bob gives up

“lllogic" conflict of escalation revisited

The strategy

D @@ :
14 v
v+n,n n+1,v+n v+n+1,n+1 n+2,v+n+1

a

Bob takes Alice's threat as credible.
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Examples of games with escalation

“lllogic" conflict of escalation revisited
Always give up

The strategy

Bob Chlice) Bob

n+1,v+n v+n+1,n+1 n+2,v+n+1 v+n+2,n42 Y

and therefore
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Escalation in the Dollar Auction

At each turn if the agent continues she (he) is
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Escalation and cognitive psychology
A book

A recent book addresses the new trends on rational thought.

K.E. Stanovich.

What Intelligence Tests Miss: The Psychology of Rational Thought.
Yale University Press, 2010.

Pierre Lescanne (ENS de Lyon) The Rationality of Escalation LAP, 24 Sep 2014 44 / 47



Escalation and cognitive psychology

Two levels of rationality

: reasoning based on inferences and deduction.
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Escalation and cognitive psychology

Two levels of rationality

: reasoning based on inferences and deduction.

Reflective mind: beliefs and belief revision.
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Escalation and cognitive psychology

Two levels of rationality

Algorithmic mind: reasoning based on inferences and deduction.

: beliefs and belief revision.
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