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preference (e.g. results of elections) from individual preferences
(votes)? This is a special case of judgment aggregation.
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» agenda A, a set of formulas of a fixed underlying logic
(containing — and — with standard semantics), s.t. if A is not
of the form —B, then A € A iff -A € A,
» judgment set is a consistent R; C Ast. A€ Ry or “A€ R;
for all A € A not of the form =B,
» profile is an n-tuple R = (Ry,..., R,) of judgment sets,
» judgment aggregation rule (JAR) is a function F which maps
each profile R to a judgment set F(R).
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truth of a formula is defined inductively:
» F,R,AIF p; iff A€ R; ("i judges that A holds"),
» F,R,AlFgg iff A= B,
» F,R,Al- o iff A€ F(R) ("group judges that A holds"),
» F,R,AIF—piff F,R,Alf ¢,
> F,R,AIF oV iff F,R,AIF @or F,R,AlF 1,
> F,R,AlF Oy iff F,R', Al o for all profiles R,
» F,R,AI-FMy iff F,R, A" Ik o for all agenda items A'.
The validity (denoted IF ) and the global truth in a model
(F IF ) is defined as usual.
Clearly (1M is in fact the universal modality. We can use an
abbreviation Uy := Clp. We also use diamonds ¢, ¢, and E,
respectively.
For C C N, we denote pc := A;cc pi A Niepc —pi ("exactly
voters from C judge that A holds).
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In the case of preference aggregation, agenda is defined w.r.t. a
fixed set M of m alternatives. Agenda items are "x € M is
preferred to y € M.” Underlying logic is first-order theory of strict
linear orderings. Agenda items are expressed as formulas of the
form x < y or =(x < y). A judgment set determines a strict linear
ordering on M. A JAR is called a social welfare function (SWF).
Consider some properties of SWF's which are expressive in JAL:

» We say that a social welfare function F satisfies the Pareto
condition if, whenever all voters prefer x to y, then so does
society. Clearly, this holds iff F I U(pi A -+ A pp — 0).

» We call F a dictatorship if there is a voter whose preferences
always agree with society's, i.e. FI=\/;,c.n U(pi — o).

» A SWF F is independent of irrelevant alternatives (11A) if
society’s preference between two alternatives does not depend
on any individual’s ranking of any other alternative. This is
equivalent to F I- U Accy(pc Ao — O(pc — 0)).



Arrow's Theorem

Denote the formulas from previous examples as follows:

> Pareto := U(p1 A+ A pp — 0),

> lIA = UAcen(pe Ao — O(pc — 0)),

» Dictatorial := F IF\/;cp U(pi — 0).
We can now express (instances of) Arrow's impossibility theorem
(if there are more then two alternatives, there is no non-dictatorial
SWF that satisfies the Pareto condition and IIA): if [M| > 3, then
- =(Pareto A lIA \ —Dictatorial). Agotnes et al. make some steps
towards a formal Hilbert-style proof. | propose an alternative

approach — a natural deduction system — to formalize a proof of
Arrow’s Theorem adapted from Sen?, as presented by EndrissS.

2A K. Sen. Social choice theory.
In K.J. Arrow and M.D. Intriligator, editors, Handbook of Mathematical
Economics, Volume 3. North-Holland, 1986

3U. Endriss. Logic and social choice theory.
In A. Gupta and J. van Benthem, editors, Logic and Philosophy Today. College
Publications, 2011



Natural deduction rules

Let Prof = {R1, Ra,...} and Var = {X1, X2, ...} be countable
sets of symbols. A proof is a sequence of clauses of the form

R, X : ¢, where R € Prof, X € Var U A, and ¢ is a formula of the
language of JAL, built using the following rules:

g,§:¢
’7'11’(/\0
R, X:poNt
ot (rB) e e
R, X:p R, X :4
RX vy M RX v Y
R, X :=—p
R, X :yp (DN)
R, X:w—1 R, X :
R, X :fo E R,X:—ég E
rx.o OB Rx. 1 B
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where R and X’ are any (including R and X).
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Natural deduction rules

R, X : 4¢

R, X" :¢

R, X :

R, X v

R,-X' v

R, X : My

(#E)

()

R, X :Ep

R . X :¢

R, X :

R, X : v

(EE)

R X :¢

R, X :Ugp

(un

where R’ and X’ € Var are new, i.e. did not appear in the proof

before.
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and consistency and completeness of judgment sets.

—— (Q1 R,X :qa — (Q3
RaA:qA ( ) R,X:ﬁCIB (QZ) R7X:\/A€.AqA ( )
R, X :qa R, X : qa
Q r
R,,X:qA ( ) §:§ .: qé
R, X : ¢ (Q3)

where A Be A, B#A, R,R' € Prof, X, X" € VarU A.



Natural deduction rules

The following rules reflect the semantics of propositional variables,
and consistency and completeness of judgment sets.

55— (Q1 R,X:qa SV (Q3
RaA:qA ( ) R,X:ﬁCIB (QZ) va:\/AEAqA ( )
R, X :qa R, X : CIA
— (Q4
R X qn QY gx’
R, X : ¢ (QS)

where A Be A, B#A, R,R' € Prof, X, X" € VarU A.

R,A;: R, X:
or i, (ComeD
L p

R Ac:p (Cons)

R,B:p

where A1, ..., Ax F B in the underlying logic, p is any p; or o, and
X is =X if X is not of the form =Y/, otherwise it is Y.
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Universal domain rules

An individual can judge about agenda items in any possible way, so
a JAR must provide a group decision for any possible profile
(universal domain assumption). This allows a type of argument in
an informal proof, which begins like this: let R be a profile such
that individuals from C; C N judge A, individuals from C judge
A, and so on. To address this, we add the following rules:

R, A1 : pc, Ri, X" : pj
RQ,X/ - TP
' R'.X":pc
R', A : pc,
' R, X :yp
R X e R.X ¢ (UD2)

R, X :¢ (UD1)

where R’ is new, X' € Var, Ci,...,C, CC Nand Ay,..., Ak e A
st. forallie N, {Aj:ie G}U{-A;:i¢ C}is consistent in the
underlving logic.
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Soundness and completeness

A proof can end at any point, provided all boxes are completed. A
formula ¢ is a theorem (we write = ) if there is a proof (with all
boxes completed) which ends with a clause R, X : .

Theorem
Let ¢ be any formula of the language of JAL. Then - ¢ iff I .
Proof.

(=) The claim follows by induction from the apparent soundness
of the rules.

(<=) We prove the axioms and simulate the inference rules from
Agotnes et al. in the natural deduction system.

O

Further work: questions regarding complexity, implementation etc.
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An admissible rule for preference aggregation

Recall that agenda items in the case of preference aggregation are
of the form x < y or =(x < y), so we can consider agenda items
to be pairs of alternatives. So, in proofs we can write R, (x,y) : ¢
instead of R, X : ¢. It is easy to see that the following variant of
universal domain rule is admissible for preference aggregation:

Rl: (X1,Y1) - PG

Rla(Xk7.yk) : ka

R,(x,y): ¢
R,(x,y) ¢ (UD)

where foreach i € N, {xj < yj: i€ G} U{~(xj <yj):i¢ C}is
consistent for all possible choices of xi, y1,..., Xk, yx € M.
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An example of derivation

R, (x,y) : Pareto A lIA

R,(x,y): O(pc — o)

(x,y):p

. y"):p
R (v.y"):p

(

X' x):p

R',(X',y"):pp — 0o
R, (x,y) : U(pp — o) (UI)

R.,(x,y) :O(pc = o) = U(pp — o) (=)
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R,(x,y) : Pareto A 1A
R, (x,y) :O(pc — o)

R", (x,¥) : pc

R", (ley/) PD

R",(y,y') : pn

R" (X', x) : pn

R",(x,y): pc o (OE)
R" (x,y): o (—E)

R" (y,y'"): o (Pareto)
R" (x',x): o (Pareto)
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An example of derivation
R, (x,y) : O(pc = o)

"Y:o (Pareto)

x',x):o (Pareto)
y'):o (Cons)

X yY:ipp Ao (AD)
y):pp Ao —O(pp — o)

(1IA)




An example of derivation
R, (x,y) : O(pc = o)

R//a (X,}/) - pPc

):o (Pareto)

x',x): o (Pareto)
"Y:o (Cons)

X y):pp Ao (Al
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An example of derivation
R, (x,y) : O(pc = o)

R//a (X,}/) - pPc

):o (Pareto)
x',x): o (Pareto)

y'): o (Cons)
R".(X,y"):pp Ao (Al)
x',y"):pp Ao — O(pp — o)
R" (x',y"):O(pp — o) (—E)
R, (x',y"):pp — o (OE)

(IIA)

R, (x',y"):pp — o (UD)




