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@ Applications.
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Filter on a set X is a subset F of the power set P(X) such that:

1.X € F, (Whole set is big);

2.A,B € F = An B € F, (intersection of big sets is big);

3.A€e FAAC B = B¢c F (bigger set then a big set is big).
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If G C X then the family (G) = {A C X | G C A} is the (principal) filter on X.
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X.

{AC X | G C A} is the (principal) filter on

y (G)

If G C X then the famil
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be enlarged (as a filter).

Ultrafilter on a set X is a collection of subsets of X that is a filter and cannot
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Ultrafilter on a set X is a collection of subsets of X that is a filter and cannot
be enlarged (as a filter).

If U is an ultrafilter on X and A C X, then

AcU VvV X\AeU.
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e U, ultrafilter on set /;
o {A; | i€ I} collection of structures on language L;
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@ index set /;
o U, ultrafilter on set /;
o {A; | i€ I} collection of structures on language L;

o Let A=[];., Ai be a cartesian product of sets A;;
@ Define a relation ~y on A with

frug iff {iell]f(i)=g(i)}eU.
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Certain applications of ultraproducts
Ultraproduct construction

Ultraproduct construction

@ index set /;

U, ultrafilter on set /;
{Ai | i€ I} collection of structures on language L;
Let A=T],,

Define a relation ~y on A with

A; be a cartesian product of sets A;;

frug iff {iell]f(i)=g(i)}eU.

Lemma

Let U be a filter on I. Then ~y is equivalence relation on [] A;. Conversely, if
~y Is equivalence relation on ] A; then U filter, if card(A;) > 3, Vi € I.
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o Consider [TA;/U={fu | f € [[Ai}, where fy ={g € [TA | f ~u g}
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o Consider [TA;/U={fu | f € [[Ai}, where fy ={g € [TA | f ~u g}

@ On J] Ai/U we define a model A of language L as follows:
o If R is relation symbol, ar(R) = n, then

(igseo o foy) € RYiff {i € 1] (i), (i) € RY} € U;
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Consider [TAi/U ={fy | f € [TAi}, where fy ={g € [TA | f ~u g}
On JJ Ai/U we define a model A of language L as follows:
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(Fiys- s gy € R IfF {ie 1| (A(I),...,H(i)) e RY} e U;

e If F is function symbol ar(F) = n, n > 1, then

FA Ay, foy) =gu iff {i€ | FA(A®), ..., f(i) =g(i)} € U;



Certain applications of ultraproducts
Ultraproduct construction

Consider [TAi/U ={fy | f € [TAi}, where fy ={g € [TA | f ~u g}
On JJ Ai/U we define a model A of language L as follows:
o If R is relation symbol, ar(R) = n, then

(Fiys- s gy € R IfF {ie 1| (A(I),...,H(i)) e RY} e U;

e If F is function symbol ar(F) = n, n > 1, then

FA Ay, foy) =gu iff {i€ | FA(A®), ..., f(i) =g(i)} € U;

If ¢ is constant, then
A ={ct|ielly.
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(Los’s theorem)

For every formula ¢(x1,

., Xn) of language L we have:
Ay o(x, ..., xn)

iff {iel| Ak o(xt,...,x)} € U.
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(Los’s theorem)

For every formula ¢(x1,

., Xn) of language L we have:
Ay o(x, ..., xn)

iff {i€l|Ai .y o(x,...,xn)} € U.
Collection A = {A; | i € I} has finite intersection property (f.i.p) iff

Ay N NA;, #0,
for arbitrary finite subcollection.
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(Los’s theorem)

For every formula ¢(x1,

., Xn) of language L we have:
Ay o(x, ..., xn)

iff {iell Ak, o(x,...,x)} € U.

Collection A = {A; | i € I} has finite intersection property (f.i.p) iff

Ay N NA;, #0,
for arbitrary finite subcollection.

Every colletion of subsets of X with f.i.p. can be extended to ultrafilter on X.
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Every field has an algebraic closure. I
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Algebra

Every field has an algebraic closure. '

Non-standard analysis
index set N

U non principal ultrafilter on N, RY/U
@ infinitesimal: 1
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Algebra

Every field has an algebraic closure. '

Non-standard analysis
index set N

U non principal ultrafilter on N,
@ infinitesimal:
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@ "non-standard large number”
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If every finite subset of theory T has a model then T has a model. I
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For P € 5,(T), let Mp = P.
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For P € 5,(T), let Mp |= P.Define Jp as follows:
Jp={Q € Su(T) | Mo |~ P},
and| show that J = {Jp | P € Su,(T)} has f.i.p.If Pi,..., P, € Su(T), then

PiU---UP, € Jp, N---NJp,.

Let U be an ultrafilter containing 7.
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Compactness theorem

Theorem

If every finite subset of theory T has a model then T has a model.

Proof.

For P € S,,(T), let Mp |= P.Define Jp as follows:
Jp ={Q € Su(T) | Mg = P},

andl show that J = {Jp | P € S,(T)} has f.i.p.If Pi,..., Py € Su(T), then
PLU---UP, € Jp,N---NJp,.

Let U be an ultrafilter containing J.Then, H Mp/UET,
PESL(T)
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Compactness theorem

Theorem

If every finite subset of theory T has a model then T has a model.

Proof.
For P € S,,(T), let Mp |= P.Define Jp as follows:
Jp ={Q € Su(T) | Mg = P},
andl show that J = {Jp | P € S,(T)} has f.i.p.If Pi,..., Py € Su(T), then

PiU---UP, € Jp,N---NJp,.

Let U be an ultrafilter containing J.Then, H Mp/U [= T ,because for all

PeS,(T)
peT

{P e S,(T)| Mp =} =Jy €U.
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