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Motivation
The Justification Logic J

Justification Terms and Formulas

Definition (Justification Terms)

to=clx|(t-t)|(e+2t)]|"t

Definition (Justification Formulas-Language L))

ar=p|-alalha|t:a

where t is a term and p is an atomic proposition.
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The Justification Logic J

Axiomatization for J

Axioms of J:

(P) finitely many axiom schemes for c.p.l. in the language L,
J) Fui(a=pB)—=(via—=u-v:p)
(+) F:avv:ia)—su+v:a
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Axioms of J:

(P) finitely many axiom schemes for c.p.l. in the language L,
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The Justification Logic J

Axiomatization for J

Axioms of J:

(P) finitely many axiom schemes for c.p.l. in the language L,
J) Fui(a=pB)—=(via—=u-v:p)
(+) F:avv:ia)—su+v:a

CS C {(c,a) | cis a constant and « is an instance of some axiom of J}

For some CS the system Jcs is:

axioms of J
+
(AN FI...llc:...:lc:c:a, where (c,a) € CSand n €N
—
n times
(MP) ifTHaand THa — Sthen TE S
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The Justification Logic J

Semantics for J

For a given CS, we define the function x (basic CS-evaluation):

x: Prop = {T,F} [T = true and F = false]
*:Tm — P(Ly) [P stands for powerset]

such that:

Q@ (a—»pBeuandacv) = Be(u v)
Q@ uvrUv*C(u+v)*

@ for (c,a) € CS:

aec
c:ac(lo)

lc:c:ae (M)
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The Justification Logic J

Truth under a Basic CS-Evaluation

Let * be a basic CS-evaluation. We have:
xlFp<=p"=T
xlFt:a<= aet*

x koo <= *x ¥«

slFaAf— (*Il—aand*ll—ﬂ)
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Probabilistic Justification Logic Formalization of the Lottery Paradox

Probabilistic Formulas

Definition (Probabilistic Formulas-Language Lp)
Ai=Psa | -A|ANA
forseQN[0,1] and o € L;.
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Probabilistic Justification Logic Formalization of the Lottery Paradox

Probabilistic Formulas

Definition (Probabilistic Formulas-Language Lp)

Ai=Psa | -A|ANA
forseQN[0,1] and o € L;.

Posa = =P>sa
PSSO( = P21_5_|Oé
P>sa = ﬁPSSOZ

P_sa = P>sa A\ P<sa
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Formalization of the Lottery Paradox

Probabilistic Justification Logic

Semantics

Probability Space: M = (W, H, u)

': PZSOé 7
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Formalization of the Lottery Paradox

Probabilistic Justification Logic

Semantics

Probability Space: M = (W, H, u)

M= Pssa <= [o]
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Probabilistic Justification Logic Formalization of the Lottery Paradox

Semantics

Probability Space: M = (W, H, u)

M Prsa <= p(le]) = s
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The Loglcs PJ and PPJ
4 of the Lotte

Probabilistic Justification Logic

Semantics

Probability Space: M = (W, H, u)

M= Pssa <= p(la]) > s
M= —A < M~ A

MEAAB
(ME Aand M = B)
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Probabilistic Justification Logic Formalization of the Lottery Paradox

Axiomatization

Axioms of PJ:

(P)
(P1)
(WE)
(LE)
(DIS)
(UN)

finitely many axiom schemes for c.p.l. in the language Lp
F P>oa

F P<;a = P<sa, where s > r

F Posa = P<sa

F P>raAPssBAP>1=(aAB) = Pomin,rs)(aV B)

F P<,aAPosf — Perps(aV B), where r +s <1

For some CS the system Plcs is:

Axioms of PJ +

if THFAand THA— Bthen THB

if Fig « then Fpyg P>1c

if THA— st—%a for every integer k > 1 and s > 0
then THA = P>«
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The Loglcs PJ and PPJ

Probabilistic Justification Logic of the Lottery Paradox

Soundness and Strong Completeness

Any Plcs is sound and strongly complete with respect to PJcs-models,
ie.:
T |—ch5 A= T ”_PJCS A
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The Logics PJ and PPJ

Probabilistic Justification Logic Formalization of the Lottery Paradox

Complexity

It has been proved that, under some restrictions on the CS, the
Jes-satisfiability problem belongs to 5.

We can prove that, under the same restrictions on the CS, the
PJcs-satisfiability problem belongs to the same complexity class.

Thus, probability operators do not increase the complexity of the
justification logic J.
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Probabilistic Justification Logic Formalization of the Lottery Paradox

lterations of the Probability Operator

Can we have formulas like P>sP>,a or t : P>.a?
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Probabilistic Justification Logic Formalization of the Lottery Paradox

lterations of the Probability Operator

Can we have formulas like P>sP>,a or t : P>.a?

The logic PPJ is defined over the following language:

ar=plana|a|t:a]| Pssa

loannis Kokkinis Probabilistic Justification Logic



The Loglcs PJ and PPJ

Probabilistic Justification Logic orahellotte

lterations of the Probability Operator

Can we have formulas like P>sP>,a or t : P>.a?
The logic PPJ is defined over the following language:

ar=plana|a|t:a]| Pssa

J+PJ— PPJ

@ soundness: /
@ completeness: /

o decidability : /

@ complexity: open
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The Lottery Paradox

Fair Lottery:
o with 1000 tickets

@ exactly 1 winning ticket
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
o with 1000 tickets

@ exactly 1 winning ticket

w; = “ticket / wins" Bel(a) ="it is rational to believe "
Degpel () = “degree of belief of "
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket i wins” Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket i wins” Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)

Paradox:
o (V1 < i <1000)[Degpei(—w;) = 0.999]
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The Logics PJ and PPJ

Probabilistic Justification Logic Formalisation of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket / wins" Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)
Paradox:

e (V1 < i <1000)[Degpei(—w;) = 0.999] —>
(V1 < i < 1000)[Bel(—w)]
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The Logics PJ and PPJ

Probabilistic Justification Logic Formalisation of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket / wins" Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)
Paradox:

e (V1 < i <1000)[Degpei(—w;) = 0.999] —>
(Vl <i< 1000)[Be|(—|w,)] — Bel(—'W1 VANAN —|W1000)
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The Logics PJ and PPJ

Probabilistic Justification Logic Formalization of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket / wins" Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)
Paradox:

e (V1 < i <1000)[Degpei(—w;) = 0.999] —>
(Vl <i< 1000)[Be|(—|w,)] — Bel(—|W1 VANAN —|W1000)

° Degbe|(W1 V...V W1000) =1
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Probabilistic Justification Logic Formalization of the Lottery Paradox

The Lottery Paradox

Fair Lottery:
e with 1000 tickets
@ exactly 1 winning ticket
w; = “ticket / wins" Bel(a) ="it is rational to believe "
Degpel(a) = “degree of belief of a”
Postulates of Rational Belief:
Q@ Degpei(a) > 0.99 < Bel(«) [The Lockean Thesis|
Q@ (Bel(c) and Bel(3)) = Bel(a A 3)
Paradox:

e (V1 < i <1000)[Degpei(—w;) = 0.999] —>
(Vl <i< 1000)[Be|(—|w,)] — Bel(—|W1 VANAN —|W1000)

° Degbe|(W1 V...V W1000) =1= Be|(W1 V...V W1000)
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Formalization of the Lottery Paradox in PPJ

Formalization of the Postulates of Rational Belief in PPJ:

@ For every term t we add to our assumptions:
t: Psg.go() — pb(t) : « [The Lockean Thesis]
@ For some CS we have:

Fppics S1: A s 8 — con(sy,s):aAf
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

Formalization of the Lottery Paradox in PPJ

Formalization of the Postulates of Rational Belief in PPJ:

@ For every term t we add to our assumptions:
t: Psg.go() — pb(t) : « [The Lockean Thesis]
@ For some CS we have:
Fppics S1: A s 8 — con(sy,s):aAf
Let 1 </ <1000. There is a term t;:
ti: (P:%ﬂw,-)

and by the Lockean Thesis:

pb(t;) : —w;
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

Formalization of the Lottery Paradox in PPJ

Thus there is a term t:

t: (—|W1 VANTIAAN —|W1000)

loannis Kokkinis Probabilistic Justification Logic



The L J and PPJ

Probabilistic Justification Logic Formalisation of the Lottery Paradox

Formalization of the Lottery Paradox in PPJ

Thus there is a term t:
t:(—wi A... A —wiggo)
But there also exists a term u such that:
u: (P=1(wy V...V wiggo))
thus, by the Lockean Thesis:

pb(u) : (wa V...V wiggo)
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Probabilistic Justification Logic Formalisation of the Lottery Paradox

Formalization of the Lottery Paradox in PPJ

Thus there is a term t:
t:(—wi A... A —wiggo)
But there also exists a term u such that:
u: (P=1(wy V...V wiggo))
thus, by the Lockean Thesis:
pb(u) : (wa V...V wiggo)

Avoiding the paradox in PPJ:
Restrict the CS such that:

Fppies S1: @A sy B — con(sy,s):anpf

holds only if con(sy, s;) does not contain two different subterms of the
form pb(t). [Formalization of an idea by Leitgeb (2014)]
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Epilogue

Further Work: Statistical Evidence

Obtain justifications from formulas?

a — h(a)
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Epilogue

Further Work: Statistical Evidence

Obtain justifications from formulas?

a — h(a)

CP(B|a)=s
interprets to something like:

P>s(h(a) : )
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Epilogue

Summary

@ Probabilistic justification logic can be used to model the idea

different kinds of evidence for « lead to
different degrees of belief in «

PJ=Pss+

PJ is sound and strongly complete

complexity of PJ is no worse than the complexity of J
sound, complete and decidable PPJ

Complexity of PPJ? Statistical evidence?
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Summary

@ Probabilistic justification logic can be used to model the idea

different kinds of evidence for « lead to
different degrees of belief in «

PJ=Pss+

PJ is sound and strongly complete

complexity of PJ is no worse than the complexity of J
sound, complete and decidable PPJ

Complexity of PPJ? Statistical evidence?

Thank you for your attention!
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