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Some applications ...

o CAUSAL REASONING J. Pearl, Probabilistic Reasoning in Intelligent
Systems, Morgan Kaufmann, San Francisco, 1988.

@ LEARNING FROM DATA R. E. Neapolitan, Probabilistic Reasoning in
Expert Systems, Wiley, New York, 1990.

© MULTI-AGENT SYSTEMS R. Fagin, J. Y. Halpern, Y. Moses, M. Y.
Vardi, Reasoning About Knowledge, MIT Press, Cambridge, 2003.

e RoBorics S. Thrun, W. Burgard, D. Fox, Probabilistic Robotics,
MIT Press, Cambridge, 2005.

e LoGic PROGRAMMING K. Kersting, L. D. Raedt, Bayesian logic
programming: Theory and tool, in Getoor, L. and Taskar, B., editors,

Introduction to Statistical Relational Learning, MIT Press,
Cambridge, 2007
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Probabilistic first-order logic

Probabilistic first-order logic LE;HQ,

ngg) is an extension of the ordinary first order classical logic Lyg, while P

and I indicate that the values of the considered Probabilistic functions will
belong to the unite interval I of some field.
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Probabilistic first-order logic L

ngg) is an extension of the ordinary first order classical logic Lyg, while P
and I indicate that the values of the considered Probabilistic functions will
belong to the unite interval I of some field.
Q(e) = (QW{e} )i, € € "R
Q[E] = {C0+C18+C282+'”+Ck8k ‘ keN,c,c1,0,...,Ck EQ}
co+cre+---+ kel <do+die+---+dpe’
0 (def)
¢; < d; for some i < max{k,¢} and ¢, = dp, forall m < i
(ci=0,i>kandd;=0,j > ()
Q(e) = {55 | P(e). Q(e) € Qle], Q(e) > 0}

H8 < £9 « P(e)- S(e) < R()- Qe)

[T={reQ(e)|0<r<1}]
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Why Q(g)?

@ Adams, Pearl, Lehmann, Magidor ... have suggested a probabilistic
interpretation of defaults: a default ‘if &, normally B’ (a — ) means
‘the probability of B given « is very close to 1'.

e Q(e) is (isomorphic to) a dense subfield of *R;

e the monad (halo) of a rational g € [0,1], defined by
monad(x) ={y | y = x}, can be characterized by:

mewt= ) oo ol ]

neNTt
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interpretation of defaults: a default ‘if &, normally B’ (a — ) means
‘the probability of B given « is very close to 1'.

e Q(e) is (isomorphic to) a dense subfield of *R;

e the monad (halo) of a rational g € [0,1], defined by
monad(x) ={y | y = x}, can be characterized by:

mewt= ) oo ol ]

neNTt

@ Q(€) is countable and recursive, i.e., its operations are computable
and its ordering is decidable.
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Probabilistic first-order logic

LI;’](ID — Syntax

Logical symbols
@ Variables:
Var
o Connectives:
AV, =, )
@ Quantifiers:
v, 3

@ Probabilistic quantififers:

(CP--=1), rel
(CP---~q), gclINQ
@ Punctuation:

), (

Non-logical symbols

— RelNFun =0, L = RelUFun
— ar:RelUFun —+ N
— p€Rel, ar(p) =0

— c€Fun, ar(f)=0

(ikodinovic@matf.bg.ac.rs)

@ Relation symbols
Rel

@ Function symbols
Fun

propositional letter

constant symbol
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Probabilistic first-order logic

P,I :
Lyo — Semantics

o (M,SM)s¢, is a classical first-order structure for L;
o (M",.Z,,1,) is a finitely-additive probability space.
o %, is a field of subsets of M";
e U,:.%,—1is a finitely-additive probability measure;
Moreover:
— for each n-ary relation symbol R of L, RM € .Z,,;
—foralli,j<n, {(x1,...,xn) €A" | xi = xj} € Fp;

—if X € #,, then Ax X € Z,.1;
— if X € Z,, then tpi1(A % X) = un(A).
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Probabilistic first-order logic

P.I .
Lyo — Semantics
Example
L =Rel = {U,R}
ar(U)=1, ar(R) =2
MxM (1,1)
0.2 *
(2,1)
02-3¢c| o
->0.6+2¢ (3;1)
> & (4,1)

%

(1,2) (1,3)
R

( 1‘4)\

(2,2) [(2,3)

(3,2) (3,3)

(4,2) (4,3)

(2,4)

(3,4)

(4,4)

—/

(ikodinovic@matf.bg.ac.rs)

e M= (M,U,R)

o u:M—[0,1]
u: 1—0.2,
2—0.2—3¢,
3—0.6+2¢ 4—¢

o u:#(M)—|[0,1]
1(A) = Exeatt(x)
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Probabilistic first-order logic

P.I .
Lyo — Semantics
Example
L =Rel = {U,R}
ar(U)=1, ar(R) =2
- MxM/
le )->0.2 *
(2,1)
20 0.2-3¢ .
(3,1)

U
[>0.6+2¢
-+-> &

(4,1)

%

(1,2) (1,3)

(2,2)

R

( 1‘4)\

(3,2) (3,3)

(4,2)

(23) (24)
(3.4)
43) (44

(ikodinovic@matf.bg.ac.rs)

o M=(M,U,R)

o u:M—[0,1]
t: 15 0.2,
2—0.2—3¢,
3—0.6+2¢ 4—¢

o u:P(M)—[0,1]
1(A) = Lycat(x)

o /.Lz:MXM*)[O,l]
n(x,y) = u(x)-uly)
Mo : P (M x M) —[0,1]
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4
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Probabilistic first-order logic

P,I :
Lyo — Semantics

Example
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ar(U)=1, ar(R) =2

( 1‘4)\

MMALY) 12 @3)
02 [ ] [ ] R [ ]
21 22 [23)

0.2—3¢ ° ° °

1 so6+2¢| 3D [B2) (33)

e 4,1) |4,2) (43)

(2,4)
(3,4)

(4,4)

N

—/

v

o M=(M,U,R)

o u:M—[0,1]

f: 1002,
2+—0.2—-3¢,
3—0.6+2¢ 4—¢

o :2(M)—10,1]
1(A) = Lxeati(x)

o /.Lz:MXM*)[O,l]
u(x,y) = u(x)-uly)
Mo : P (M x M) —[0,1]

o Up: (M) =1, neN

4

M

M,U,R,2(M"), un
( (M"), ttn)
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Probabilistic first-order logic

LI;’(HD — Satisfiability relation

(MasMaym.un)SeL,neN, v:Var— M
o M,v = (CPx < r)(a | B) iff

(u{deM" | M,v(Xx:=3) =P} =0&r=1) OR
(u{3aeM" | Mv(x:=3) =B} >0&
Up{3 e M" | M,v(X:=3) = anB}
1B E M MLv(7 = 3) - )

<r)

o M,v = (CPX ~ q)(at | B) iff

(Ul € M" | M,v(%:=3) = B} = 0&q = 1) OR
({3 e M" | M,v(X:=3) =B} >0&
U3 €M™ M, v(X:=3) = aAB}

Hp{a e M™ | M, v(X:=13) =}

€ monad(q))
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[P _ Satisfiability relati
B0 atistiability relation

Conventions

CPx=r+x= CPx<r*ACPx>rx«
CPx > r+=-CPx <rx
CPx<r*=-CPx>rx«

PxZrx= CPxZr(x|T)
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[P _ Satisfiability relati
B0 atistiability relation

Conventions ll\f 77777 § O_ZMXM oy (1:2)R hel O
CPx=rx= CPx<r x ANCPx>rx ve | 023 @21 22) 123) (28
CPx > r+=-CPx <rx
CPx<r+=-CPx>rx f>o6+2e| B B2 B3 34
PxZrx= CPxZr(x|T) o @1 42 @3 (49)
e M (y—1,---) £ (CPx < 0.25—¢)(—U(x) | R(x,y))
e M(y—2,---) =E(CPx<0.25—¢)(—~U(x) | R(x,y))
e M (CPx < 0.25—¢)(—U(x) | IyR(x,y))
o M} Vy(CPx < 0.25—¢)(=U(x) | R(x,y))
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Probabilistic first-order logic

P,I : .
Ly — Axiomatization

(Axioms

o All ng;w—instances of the axioms for Ly

e (CP% < n)(a|B) = (CP% < n)(a| B), 11 < r2

o (Px>1)a+ B — ((Px=r)a— (PXx=r)B)

o (Px=r)aAPXx=nr)BA(PX=0)(aAB))—= (PXx=min{l,n+nr})(aVp)

(Rules)
{r=(CPx=g-1)(a|B):n>} Ju{y—(CPx<q+1)(alB):n>11; }
(Approx) (3 )B(ﬂ)w(qc]r&zzq)(aﬁ) '
o — X r X), r e
R )
(Range) oa— L '
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Probabilistic first-order logic

P,I
Lo — Formal proofs

Definition

A proof of a formula o from a set I' of formulas is a countable sequence of
formulas oy indexed by countable ordinal numbers such that the last
formula is o, and each formula in the sequence is an axiom, or a formula
in [ or it is derived from the preceding formulas by a rule of inference with
no application of (Gen) to a formula when the variable is free in formulas
of I'.

I o if there is a proof of a from T.

A set I of formulas is consistent if there is at least one L};,’g, formula that is
not deducible from I, otherwise I is inconsistent.

A set I is maximal consistent iff I is consistent and for every formula a,
a €l or ma €T. Note that if [ is maximal consistent and I - o then
ael.
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Probabilistic first-order logic

P,I
Lo — Formal proofs

Lemma
QO F(CPx>n)(a|B)— (CPx>n)(al|B), n>r
QO F(CPx<n)a|B)—(CPx<n)(a|P), n<r
O F(CPx=gq)(a|B)— (CPx=q)(a|p) qgclg

Proof for (3)

1. (CPx =gq)(a | B) > (CPX = q)(a \ B) A (CPX < g)(o | B)

2,. (CPXx>q)(a|B)— (CPX>qg— ;)(Oc |B), n> % [(1) of this lemma]
3, (CPX<qg)(a|B)— (CPx < q+%)(a |B), n> %q [(2) of this lemma]
4. (CPx=q)(at|B) = (CPX > q—)(a|B), n>

5, (CP% = q)(a | B) = (CP% < g+ 1)(a| B), n> 1L

6. (CPx =q)(ax | B) — (CPX ~ q)(c | B)

[from 4,, n> % and 5,, n> % by (Approx)]|

(ikodinovic@matf.bg.ac.rs) Dubrovnik, September, 2015. 16 / 34



Probabilistic first-order logic

LI;’](ID — Soundness and Completeness

Theorem (Deduction theorem)

IfT is a set of formulas and ', -y, then T+ ¢ — y.

Theorem (Soundness theorem)

The axiomatic system for LIZ,’EO is sound with respect to the class of

le;g,—mode/s.

Theorem (Completeness theorem)

If T is a consistent set of formulas, then T has a model.
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© Some applications and ideas for future work
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Decidability

Ll;)’g, is clearly undecidable, but the following fragments are decidable:

© Boolean combinations of sentences of the form
(CPxor)(a(X) | B(X)), where o € {<,>,~} and (%) and B(X) are
classical formulas without function symbols and equality sign with at
most four classical quantifiers, but only one alteration (i.e., the
quantifier prefix is at most 33VV or VV33).

@ Similar as previous fragment except that formulas & and B may
contain equality sign and one unary function symbol, but the
quantifier prefix is restricted to V3 or V.

Find more decidable fragments of L]Z,’(HD.
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Decidability — First steps

Theorem (Godel 1932, Kalmar 1933, Schiitte 1934)

The satisfiability and the finite satisfiability problems are decidable for the
class [3*V?3*,all].

Theorem (Shelah 1977)

The satisfiability and the finite satisfiability problems are decidable for the
classes [3*V3*,all,(1)]_, i.e., for the class of formulas whose prenex form
has the quantifier prefix of the form 3*V3* and whose language contains
equality sign, arbitrary relation and constant symbols, and at most one
unary function symbol.
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Decidability — Final steps

®, that should be satisfied, induces a finite partition on each ‘admissible’
classical model. Fortunately, all partitions are of the same size h, but

unfortunately, h is of exponential size related to the complexity of the
formula.

m" 1 2 3 Ap J
iy ) !
Xy X X3 Xh

® is satisfiable iff a system with unknowns x; has a solution in Q(¢):
Yiixi=1%>0

XI']_+'”+XI'/<
Xip 0 X + Xy o0+ X0

r, Xp+---+x, >0

XX ANV
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Decidability — Final steps

® is satisfiable iff a system with unknowns x; has a solution in Q(¢):
Yiixi=1%>0
Xil +--- +Xik
Xip o0 X+ X g+ Xy

r, Xy +--+x;,, >0

WX ANV

iff a system with unknowns x; has a solution in Q(¢, K):
Zlhzlxi — 17Xi Z 0

=y
<
> r—
Xy + -+ X, 2 r—Ke
<r+Ke Xj+--+x,>0
Xip + 0 X+ Xy 000+ X, Sk
K
<r—+
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Decidability — Final steps

Qle, K]: Qo(K)e®+ Qu(K)e! +... 4+ Qn(K)e", where Q;'s are polynomials
in K with rational coefficients.

1 1 1 1 2
<2K2+K> + <3K3+7K> et+e’< <2K2+K> + <3K3+3K2+1> £

IK2+K=1K’+K (3=3,1=1)

IK34+0K2+TK+0< IK3+2K24+0K+1 (3=132,0<3

Qe K) = { GE | Ple.K), Qle, K) € Qle, K], Q(e, K) > 0}

Pesy < BEl) o P(e, K)-S(e, K) < R(e. K) - Q(e, K)

Analyse algebraic aspects of the procedure for
solving systems with approx-signs.
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Some applications and ideas for future work

Non-Archimedean probability spaces in Applications

Adapt the procedure for solving systems with
approx-signs to fit other areas where one deals with infinitesimal
probabilities:

o G. B. Asheim, The Consistent Preference Approach to Deductive
Reasoning in Games, Springer, 2006.

@ Robert Anderson, Infinitesimal Methods in Mathematical Economics,
PhD thesis, Department of Economics and Department of
Mathematics University of California at Berkeley, 2008.

@ Joseph Halpern, A Nonstandard (non-Archimedean) Characterization
of Sequential Equilibrium, Perfect Equilibrium, and Proper
Equilibrium, International Journal of Game Theory 3838:1, 2009.

@ A. Brandenburger, A. Friedenberg, H. J. Keisler, Admissibility in
Games, Econometrica, Vol. 76, No. 2, 2008.
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Complexity

Complexity of the procedure is huge.

e T. Stojanovi¢, T. Davidovi¢, Z. Ognjanovi¢, Bee Colony Optimization
for the satisfiability problem in probabilistic logic, Applied Soft
Computing 31, 339-347, 2015

e T. Stojanovi¢, T. Davidovi¢, Z. Ognjanovi¢, N. lkodinovi¢ A Heuristic
approach to the Satisfiability problem in Default logic (in preparation)

BCO is a stochastic, random search technique that belongs to the class of
population based algorithms.

Apply BCO or some other heuristics to the
Satisfiability problem in LE,"CHU.
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E i f P
xpressive power of L g

Example

@ 'Most birds fly": (CPx > 0.5)(f1y(x) | bird(x)), where ‘> 0.5’
corresponds to ‘Most’,

'90% of birds can fly": (CPx =0.9)(£f1y(x) | bird(x)),
‘Approximately 90% of birds fly": (CPx ~ 0.9)(£1y(x) | bird(x)),
‘More than 90% of birds can fly': (CPx > 0.9)(f1y(x) | bird(x)),
‘Almost all birds fly': (CPx ~ 1)(£1y(x) | bird(x)), etc.

(ikodinovic®@matf.bg.ac.rs) Dubrovnik, September, 2015. 26 / 34



E i f P
xpressive power of L g

Example

In medicine, sensitivity is defined as the percentage of true positive cases
relative to the sum of true positives and false negatives (i.e., the total
number of tested patients having the disease), and specificity is defined as
the percentage of true negative cases relative to the sum of true negatives
and false positives (i.e., the total number of tasted patients who do not
have the disease).

‘The sensitivity of the test is at least 95%'
(CPx > 0.95)(positive(x) | tested(x) Adisease(x))

‘The specificity of the test is higher than 90%’
(CPx > 0.9)(—positive(x) | tested(x) A ~disease(x))

(ikodinovic@matf.bg.ac.rs) Dubrovnik, September, 2015. 27 / 34



Some applications and ideas for future work

Deduction in LI;’(HD

Example

STATISTICAL REASONING

Most birds fly, Penguins do not fly = Most birds are not penguins
Ll;,’cﬂo—R,EASONING

(CPx > 0.5)(F(x) | B(x)), Vx(P(x) = —F(x)) I—LZE’ (CPx > 0.5)(—P(x) | B(x))

v

(ikodinovic@matf.bg.ac.rs) Dubrovnik, September, 2015. 28 / 34



. . P.I
Deduction in L

Example
STATISTICAL REASONING
Most birds fly, Penguins do not fly = Most birds are not penguins

Ll;,’cﬂo—R,EASONING
(CPx > 0.5)(F(x) | B(x)), Vx(P(x) = —F(x)) '_L*;E, (CPx > 0.5)(—P(x) | B(x))

v

Example

COMMONSENSE REASONING
Almost all birds fly, Penguins do not fly = Almost all birds are not penguins

DEFAULT REASONING
B(x) — F(x),P(x) — —F(x) Fkrm B(x) — —P(x)
L 30~ REASONING

(CPx =~ 1)(F(x) | B(x)),Vx(P(x) — —F(x)) 1 (CPx = 1)(—P(x) | B(x))

P
Lyw

v
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Some applications and ideas for future work

KLM (Kraus-Lehman-Magidor)

KLM

o~ a
o |~
B~y
o~ p

‘N

anB i~y

al~BAy
apyBl~y
avpi~y

avﬁﬁaby

N

(|kod|nowc©matf bg.ac.rs)

Y i Foa+ B

if FB—vy

al~Bal~y

al~Baly

Probabilistic first-order logic

[(CPX~1)(a| B) =B~z o

Married(x,y) ~+x,, “Relatives(x,y)

e o3z B,B—YFa~xzy

0 oy By YR AR -z Y
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Some applications and ideas for future work

Default reasoning in general

From LE,’Ha,-point of view, consider all ‘problematic’
properties for a non-monotonic consequence relation. These properties
(Rationality, Specificity, Property inheritance, Ambiguity preservation,
Syntax independence) are listed in:

e S. Benferhat, A. Saffiotti, P. Smets, Belief functions and default
reasoning, Artificial Intelligence 122, 1-69, 2000.

(ikodinovic®@matf.bg.ac.rs)
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Some applications and ideas for future work

Pl :
Lee as a framework for other logics

Many logical systems can be regarded as fragments of first-order classical
logic (modal logics, some description logics, ...)

More or less analogously, Ll;,’g, might be considered

as a framework for many interesting logics (probabilistic modal logic,
probabilistic description logic ...)
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Some applications and ideas for future work

c P.I
Extensions of L
RESEARCH PROBLEM:

Logical symbols
@ Variables
@ Connectives

o Probability operators:
(CP=r), rel
(CP=gq), gclnQ

@ Quantifiers

@ Probability quantifiers:

(P2 1) rel
(CP---~q), gelnI

@ Punctuation

(ikodinovic@matf.bg.ac.rs)

Non-logical symbols

@ Relation symbols

Rel

Function symbols
Fun

RelNFun =0, L = RelUFun
ar:RelUFun — N

p € Rel, ar(p) =0
propositional letter

c € Fun, ar(f) =0

constant symbol

4
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: P,I
Extensions of L

M

Ly (12) (13) (14)
o el Vel WM

(1.,1) (1.1) (13) (CON

1) 22)[@23) @4
o T

(21) (22) (23) (24)
o o o .
(31) (32) (33) (34)

(41) (42) (43) (44)
o o o o
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W |= P_56(Pxy > 0,09)R(x,y)
W =P_;(U(c) = R(c,c))
W = CP_j 5(U(c) | (Px > 0,5)U(x)
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