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Quantum mechanics -basic concepts

Quantum mechanics,quantum states

@ Quantum mechanics is a fundamental branch of physics
concerned with processes involving, for example, atoms and
photons. Systems such as these which obey quantum
mechanics can be in a quantum superposition of different
states, unlike in classical physics.

@ Quantum state can be considered as a maximal piece of
information about quantum systems. - In classical mechanics
state of a single particle can be represented as a (r1,..., 1)
where r, ..., r3, correspond to position and ry4, ..., f6,
correspond to momentum.

@ The key idea is that wave function represent a quantum state
of a particle.

@ Quantum state describes potential outcomes of some
measurement (position, momentum, energy...) so quantum
state is a linear combination of all other quantum states that
can be obtained as a result of a measurement:



Quantum mechanics -basic concepts

Quantum mechanics,quantum states-Example

o Consider a subatomic particle on a line and suppose that it
can only be detected in equally spaced points {x1,...,x,}.

@ In Quantum mechanics we use Dirac ket notation: x; is
denoted by |x;).

o Let [1)) be an arbitrary state. |¢)) = ci|x1) + ... + calXn),
¢ €C Yl llel?=1.

@ ||ci||? represents a probability that after a measuring a particle
will be found in a point x;.

o After observing particle at a point x; the state |4))
“collapses”-passes to the state |x;).



Quantum mechanics -basic concepts

Why quantum logic?

o Logics for reasoning about real valued probability ([0, 1]).
@ Logics for reasoning about p-adic valued probability.

o Logics for reasoning about complex valued probability.
Complex numbers appear as quantum amplitudes.



n Existing logical approaches L

Ortholattice(Orthomodularlattice)
Ortholattice is a structure B = (B,C,',1,0) where
e L is partial order;
@ any pair of element a and b has an infimum aM b and
supremum a Ll b such that:
@ alnbLC a, band forevery c: if cC a,bthen c C allb;
@ a,bC allb and for every c: if a,b C ¢ then all b C c;
© foreverya, 0 C a, alC 1.
e / satisfied the following:
Q' =3
@ if al bthen b' C &
@ ana =0.
Orthomodularlattice is Ortholattice that satisfied orthomodular
property: for every a,b€ B: an(a'U(amnb))C b
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n Existing logical approaches L

Two approaches
@ Minimal quantum logic OL "represented by Ortholattice *
@ Quantum logic OQL "represented by Orthomodularlattice“

Closed subsets of Hilbert space form Orthomodularlattice.
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n Existing logical approaches L

@ Algebraic realization for OL is a pair A = (B, v) where
e B=(B,C,%,0,1) is ortholattice;
e v:Forop » B
EFaaiff via) =1
@ Kripke realization for OL is a system K = (W, R, I, p) where

o W is nonempty set of worlds;

o R is reflexive and symmetric binary relation on W; w L u
denotes: not wRu.

o M={XC W] (X+)t =X} suchthat ), W € I and N is
closed for intersection and orthocomplement
L(Xt={ue W |forevery we X,w L u})

o p: Forop = N p(=p) = (p(B))*, pla A B) = p(a) N p(B);

w = o iff w € p(a); Fr aiff p(a) = W.
(M.L.D. Chiara, R. Giuntini)



Y Existing logical approaches L

@ fFor any algebraic realization A there is a Kripke realization
ICA such that for every o, =4 a iff = «;

o For any Kripke realization KC there is an algebraic realization
AR such that for every a, =i a iff =4 a;
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n Existing logical approaches L

@ Algebraic realization for OQL is an algebraic realization
A = (B, v) where B is orthomodular lattice.

o Kripke realization for OQL is a Kripke realization
K ={(W,R,N,p) for OL where I satisfies:
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Existing logical approaches

@ Algebraic realization for OQL is an algebraic realization
A = (B, v) where B is orthomodular lattice.

o Kripke realization for OQL is a Kripke realization
K ={(W,R,N,p) for OL where I satisfies:

XZYAXNXNY)£D

° o If A is orthomodular then K* is orthomodular.

o If K is orthomodular then A* is orthomodular.
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Logic Lom

Motivation

@ quantum logic is mainly related to non-classical logic which
points out the failure of distributivity of the propositional logic
(therefore ortholattice instead of boolean algebra);

o Goldblatt (1974): OL (minimal quantum logic) admits modal
interpretation-Bouwerian modal logic B is adequate for
quantum logic. The modal logic B is semantically
characterized by Kripke-like realizations called B- realizations;

@ Simon Kramer gave meaning for use modal operator in
quantum mechanics, emphasizing the difference between
notions: “something is true ” and “something is observed to
be true ".

@ He used the fact that [J do not distribute over V in both
directions and he suggests that using formulas [J with the
intended meaning “p is observed to be true” is enough to
capture subjectivity of observations in quantum experiment,
so introducing non-distributive logic is not necessary.



Logic Lom

Motivation

A half spin particle is prepared in eigenstate |zt). Consider the
following sentences:
- p: “The spin component in the z direction is up ”
- q: “The spin component in the x direction is up "
- r: "“The spin component in the x direction is down "
Below is a list of statement that lead to the conclusion that the
quantum logic is not distributive:
Q If we measure the spin component in the x direction we
obtain value up or value down. Therefore g V r is true.
@ Since pis true and g V r is true, p A (q V r) is true .
© According to the uncertainty principle, the spin component in
the z direction and the spin component in the x direction
cannot be simultaneously well defined, therefore p A g is false
and p A r is false and hence (p A r) V (p A r) is false.

Comparing 2 and 3 we conclude that distributivity low is violated.



Logic Lom

Motivation

@ We know that p is true (before measurement is made)
because the system is prepared in that state, so writing the
formula p A (g V r), i.e. putting p and (g V r) in the same
sentence we say that before measurement particle posses
either value up either value down.
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Logic Lom

Motivation

@ We know that p is true (before measurement is made)
because the system is prepared in that state, so writing the
formula p A (g V r), i.e. putting p and (g V r) in the same
sentence we say that before measurement particle posses
either value up either value down.

@ The wave interpretation reject the assumption that particle
posses any concrete value before the measurement is made.

@ According to this interpretation g V r is false, so the
distributivity low is not violated.
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Motivation

@ The ensemble interpretation, or statistical interpretation
states that the wave function does not apply to an individual
system or for example, a single particle but is an abstract
mathematical, statistical quantity that only applies to an
ensemble of similarly prepared systems or particles.

@ According this interpretation a single particle possesses
simultaneously well defined values for spin components along
x and z axes and the uncertainty principle is just consequence
of impossibility of preparing identical microscopic states.

@ Therefore, according this interpretations (p A r) V (p A r) is
true so the distributivity low is not violated.
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Logic Lom

Motivation

@ Thus, ensemble interpretation is not strictly related to the
notion of measurement, it propagates the very existence, while
wave interpretation not recognize any value until they are
measured.

@ Therefore, logic for reasoning about quantum mechanics
should make a distinction between these things. Let g means
:" The spin component in the x direction is up” while Og
means :“ It is measured that the spin component in the x
direction is up” (similarly for p and r).



Logic Lom

Motivation

Formula / interpretation | Op AO(gV r) | Op A (»dg Vv Or)
wave T 1

corpuscular / /

OpAg)VO(gAr) | pA(gVr) | (PAG)V (PAT)
T 1 T
Y T T
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o We express ontological possessed values with classical
formulas and since from the point of view of corpuscular
interpretation distributivity low is not violated, the laws of
classical logic are suitable for this fragment;



Logic Lom

Motivation

o We express ontological possessed values with classical
formulas and since from the point of view of corpuscular
interpretation distributivity low is not violated, the laws of
classical logic are suitable for this fragment;

@ We express the notion of measurement by modal operator and
hence using formulas of the form [y we capture wave
interpretation. Since [J not distributes over V “it already
catches non-distributity”, so we do not need non-distributive
structure (like non-distributive lattice) and we are satisfied
with Boolean logic with some modal laws.

@ We only need axiom of classical logic plus three modal lows
instead of many axioms or rules which are normally used in
quantum logics.



Logic Lom

Formal language

@ Q is the set of rational numbers;

e Q1 is the set of positive rational numbers;

@ C is the set of complex numbers;

o ||| is the complex norm, ||x 4 i - y|| = v/x2 + y2.
and introduce the following sets:

o VQ={+/4|q€Q)

o Cg={a+i-babeVQ}
Ci={a+i-babeCVa+b <1}
C,yg={a+i-babeV/QVa?+b <1}

C; = {(z1,22,...,2zk) | z7 € C, 0, || 21|12 < 1,k < n};
Ci g={(2....z) [z € Cy g SE zllP <1,k <

n};



Logic Lom

Formal language

@ countable set Var = {p, g, r,...} of propositional letters,
classical connectives = and A, modal operator [ and
CS21 p1:22,p2: 2 pm Where
(21,225 -, )EC\F,p,EQ m< n.
The set of classical propositional formulas over Var will be
denoted by Forgy.
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Formal language

@ countable set Var = {p, g, r,...} of propositional letters,
classical connectives = and A, modal operator [ and
CS21 p1:22,p2: 2 pm Where
(21,225 -, )EC\F,p,EQ m< n.
The set of classical propositional formulas over Var will be
denoted by Forgy.

@ The set Forpyeg of classical-modal formulas is built over the
set Var using connectives = and A in the standard manner: if
p € Var then p € Forpeg; if a, B € Formeg then
-, A B,0a € Formed.



Logic Lom

Formal language

@ © and N to denote set theoretic relative complement and N set
theoretic intersection.

@ R is binary relation defined on some non-empty set W.

@ Fori,j € W, not Rij will be denoted by /L.
@ For any X C W we use the following sets:
o the orthocomplement X~ defined as
XLt ={i|Vj(j e X —ilj)}
o the set X = {i | Vj(Rij — j € X)} which corresponds to the
modal operator [J (this correspondences will be clear later).
OX = {i | 3j(Rij and j € X)} which corresponds to the modal
operator ¢



Logic Lom

Formal language

Note that
o LIIX={i|Vj(Rj—jeX)}={i|VijeX —il))}=
(X))t .
e OX = (XL)C
e We introduce addition of the sets of the form QA A C W
in the following way:

[OGA + OB = HO(AU B)



Logic Lom

B-Semantics

An QLprop,g-model is a structure Mg = (W, R, H,v) where:

Q@ W is a nonempty set of elements called worlds;

@ R is a reflexive and symmetric binary relation.
© H is a subset of the power-set of W such that:
0 0WeH;
@ H is closed under the set theoretic relative complement ¢, set
theoretic intersection N and the operator & (if X € H then
BX € H).
Q v : Forpeg — H is a function which associated with every
formula an element from H such that:
0 v(—a) =v(a);
@ v(aAp) =uv(a) Nv(f);
0 v(da) = Hu(a)




Logic Lom

Semantics

"Problem " in arbitrary B model sets of the form v(a) and v(Oa)
do not correspond to a closed subsets of a Hilbert space while sets
v(O0«) do. We want to measure sets of the form v(00a).



Logic Lom
B-Semantics

v(00(er Vv B)) = BOu(a) + EOu(B);
v(O00a v OOB) = Hdu(a) U EOu(B);
v(00(a V B)) # v(d0a vV OOp);
v(00-a) = (v(0a)) "

/'\/\/\/\




Logic Lom

B-Satisfiability

Definition

In the model Mg = (W, R, H,v) the satisfiability relation is
defined for Formoq formulas in the following way: If

a € Forpeg, w € W then

o Mg,w = aiff w € v(a);

Definition

| A

Let the model Mg be defined as above. Then for every formula
a € For¢ we introduce integer K(OOa) such that:

QO 1 < K(OCa) < n;
Q if for every w € W, Mg, w = OO0« < JOf then
K(O0a) = K(O0B);

The intended meaning of K(O0«) is dimension of subspace
related to measuring a.



Logic Lom

Pre-Probabilistic formulas

The set Forpp,op of pre-probabilistic formulas is defined as the
least set that satisfies the following:

o If a € Forq, m= K(Oa), (z1,22,...,2m) € C] Ja=
pi € Q= 1, m, then CSZI7p1;227P2;~--2m7pm|:|<>a is
pre-probabilistic formula.

@ if ¢ and 9 are pre-probabilistic formulas then = and ¢ A
are pre-probabilistic formulas.



Logic Lom

Pre-Probabilistic formulas

The set Forpp,op of pre-probabilistic formulas is defined as the
least set that satisfies the following:

o If « € Forc;, m = K(O«a), (z1,22,...,2m) € Ci,ﬁ =,
pi € QT, i =1,m, then CS; p1:2, p0:...2mpm IO IS
pre-probabilistic formula.

@ if ¢ and 9 are pre-probabilistic formulas then = and ¢ A
are pre-probabilistic formulas.

@ The set Forg, of all QLyp-formulas is a union of Forpneg and

Forpprob.



Logic Lom

Pre-Probabilistic formulas

Pre-Probabilistic formulas have the following meaning:

@ Let A be a subspace related to measuring o« and wy, ..., Wy,
be the chosen base of eigenvectors. The meaning of the
formula CS5;, p1:2,.p2:...2m,pm O is always related to some
world (vector) w and it is the following: w = ¢; - wqi+, ...,
+Cm - W, for some ¢; € C such that ||c; — z1]| < p1,

.. |lem — zml| < pm and hence the probability of measuring «
in a state w is equal ||c1|]>+ ... +||cml|?.
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Semantics

Definition




Logic Lom

Semantics

Definition
Given a model Mg = (W, R, H,v) we set

BH = v(00a) , @ € Formed.

Let B* = (W, R,BH, v)

o For any B* = (W, R,BH,v) there is a Kripke realization KC®"
for OQL such that for every a, |=is~ « iff =g~ OO,

@ For any Kripke realization KC for OQL there is an model B*K=
(W,R,BH,v) such that for every o, i « iff [=g.x O0«;




Logic Lom

Semantics

An QLprop-model is a structure M = (W, R, H, p,v) where:
Q@ (W,R,H,v) is Mg model.
Q@ p: W x BHH — CJ is a function that satisfies the following:
@ for every w € W, p(w,d) = (0,0;...,0,0);
%/_/
n—tuples
@ forevery ACHH if w € A, and p(w, A) = (1, ¢, ..., Ck),
then =, flaill” = 1
o if v(O0B1),-..,v(O08)) € BH,
p(W, U(D(}ﬂ,)) = (a,-l, djg, ..., a,-m,.), U(DOﬂ,‘)J_U(DOﬂj), for

every i,j = 1,1 p(w,v(O0B1) + ...+ v(O0H)) = (di, ..., dr)

then , /
mj
SoNdIP =D llagl?
=1

i=1 j=1




Logic Lom

Satisfiability

Let M = (W, R, H,p,v) be an QLpop-model. The satisfiability
relation is inductively defined as follows:
o If & € Forpog then the satisfiability is defined as above.
o If o € Forgy, (Z],Zz,...,Zk) c Ci JQ' pi € Q+, i:ﬁ,
k<n
then
M, w = CSz1 p1:20,p35.n. 210 DO i
p(w,v(00a)) = (c1, ca, - - -, ck) such that [[c; — z1]| < p1,
le2 = 22|l < p2, . [lek — 2| < pr-
o If ¢ € Forpprop , then M, w |= =y iff it is not M, w = .

o If ¢, 19 € Forppyop then M, w = A9p iff M, w |= ¢ and
M,w = . O




Logic Lom

Axiomatization

The axiomatic system AX;,,, consist of:

AQLm1.
AQLm2.
AQLm3.
AQLm4.
RQLm1.
RQLm2.

\QLprobl.
\QLprob2.

\QLprob3.

Substitutional instances of classical tautologies;
O(a = B) = (Do = 0p);

Oa = «;

o= O0a;

from « infer Oa;

from o and a = f infer 3;

CSZI,PI;v--ziypi;a---zmapmDoa = CSZ
/ .
pi 2 P
CSz1 p1,en2ispiiyezmpm IO = _|CSZI7Pl?7-~~2,{:P§;:~~~Zm:Pm
/ /.
1zi = zill > pi + pi;
CSZI,PI;v--ziypi;a---zmapmDoa = CSZ
. ! /.
1z = il < pis

OO0 if

. /.
17P1V7"'Zi7p,'v7"'2m7pm

OO0« if

OO0 if

. ! /.
1:0155-+-2; 7pi+P,'n-~-Zm:Pm



Logic Lom

Inference rules

RQL1.
RQL2.

RQL3.

RQL4.

RQLS5.

From A and A = B infer B where A, B € Forppop ;

If a € Fore;, m = K(O0a), (z1,22,--.,2m) € C1 \F’ €N,
27;1 HZIH2 kz + 2m +1or
ST zl?+ 2 Z,:l lzill + 2 < 1, then from OO« infer
21,2,k sz, 1D<>Oz = 1;
If « € Forci, k € N, from ¢ = _'CSth 22,1, ZK(DOQ)’%DO(J
for every (z1, 2, . .., zk(0a)) € €} Q' infer ¢ = 1;
From O0—« infer C5070; 0,0;,... 7ODOoz;
h K(DO(?)r—tuples 7

If a € Forg;, m = K(O0a), (z1,22,--.,2m) € C;‘ Vo'

€ QT from p = CS OO« for every

Z1,P155- Zj7pj+k’ ZmsPm

k € N, infer ¢ = CS;, ,1;... Zjpji Zomypm IO



Logic Lom

Inference rules

RQL6. from O0a < LS infer
Cszlzpl;ZQ:pQ;:---zm:pmDoa - CSZl;pI'ZvaZ'v zmvpm|:|<>6'

RQL7. Let (zj1,---,Zim;), i = 1,5, (z1,...,2f) € C] T
2 <zjll, |zull i =1,5,j =1, mj,u=1,f. If the following
inequality does not hold:

Zf 1|| I||2 2(m1+"'l+m5+f) + m1+...+ms_f <

f _
S Szl < S i+ 2 Ametl) 4 e,
then from

(p = /\I 1 zla/ FEXEERT) ;z'm- 1|:|<>al /\ /\Is,_j 1 |:|<>a’ =
O0-0a; A CSZ1 1 . ;DO(al V... Vasg)
infer ¢ = 1;




Logic Lom

Completeness

Every consistent set of formulas T can be extended to a maximal
consistent set.




Logic Lom

Completeness

@ Let T1 C Forg, and T{ maximal consistent set obtained from

Ti.

@ T has the next property: For every formula a € For¢ and
every k € N there is at least one (z1,23,...,2zm) € C1 va
where m = K(OO«) such that CSZl,%”_“Zh%;’.__zm’%D()a eTy.

o For each formula « € For¢; we make a sequence of m-tuples
Z(O0a) = (ZF¥)ken, ZK = (2K, 2%, ..., zK) in the following
way:

o For every k € N we arbitrarily chose any
(zF,zK,...,zk) e C; /g such that
CS,i 1 2612k L 1D<)a € T; and this (zf,z¥, ..., z¥) will be

Zy g
(k k k)

the k-th number of the sequence, i.e., Zk = (zf,z¥,...,zX).



Logic Lom

Completeness

e For Z(OO«) we also consider m sequences of all first
coordinates, sequence of all second coordinates and so on.
Precisely, if Z(O0a) = (Z¥)ken and

1 1 1 1 1

28 = (z , zz , zz3 , .., Zym )
2 2 2 2 2

zZ° = (z , z5 , z5 , ..., z5 )
3 3 3 3 3

zZ2 = (z , 2z ,z 0 ..,2z)

we consider m sequences Z1, 2> ... Z, where
1 2
° Zl _217721723
3
o /, = 22,,22,22
o ...

—,1 2 _3
© Iy =25, ,2Z0, 20



Logic Lom

Completeness

Lemma

Let Z(OO«) be defined as above. Then, for every j =1, m, Z; is
Cauchy (with respect to the norm || - ||).

Lemma

| A

Let o € T{, a € Forgy. Suppose that (Z¥)ken, and (Z'%)en are
two different sequences obtained by the above given construction

(i.e., for at least one ko and least one jy, zjfok" # z;;"). Then for

every j = 1,n, limg_ zf‘ = limg_00 z;k.




Logic Lom

Completeness-canonical model

A canonical QLprop g-model is a structure Mg~ = (W,R,H,v)
defined in the following way:

@ W is the set of all maximal consistent set of formulas;
@ R is syntactically compatibility relation;

o for every @ € Formod, v(a) ={w e W | a € w};

o H={v(a)| Formed};




Logic Lom

Completeness-canonical model

A canonical model MT™ = (W, R, H, p,v) is defined such that:
e (W,R,H,v) is canonical QLpropg-model;
o If HH = {v(O0«q) | @ € Formeq} then for every a € Formod,

HOv(a) € BH and hence we define: for w € W, a € Formeq
and Z(OO«) constructed relative to w,

p(w,H0u(@)) = (lim zf, lim z&K ... lim zX)
k—00 k—o0 k—00




Logic Lom

Completeness

A set of Forq,-formulas T is consistent iff has an QL prop-model. \




Logic Lom

Decidability

The satisfiability and validity problems for Forg, formulas are
decidable.




Schrdinger’s Cat

Description of the experiment

@ The cat is enclosed in a box with one single Bi-212 atom, a
Geiger counter, a hammer and flask of poison. When the
atom decays, the Geiger counter will detect the radioactive
radiation, the hammer will smash the flask releasing the
poison and the cat will die. Bi-212 atom, has a a half life of
66.55 minutes which means that half of Bi-212 atoms will
decay after this period

@ When Geinger counter interact with the atom its state gets
entangled with the state of atom.Let [ready) denotes initial
state of Geinger counter. If the counter detect the radiation
[ready) evolves to the state [click) and otherwise it evolves to
the state [noclick).

@ According to Schrodinger’s equation after one hour the state
of “atom-Geinger counter” evolves to the state
%[undecayed)[noclick) + %[decayed)[click).



Schrdinger’s Cat

Description of the experiment

@ Since the hammer, the flask and the cat will all become
entangled with atom and Geinger counter, the state of the
whole system evolves to

1 1
\ﬁ[@l) + ﬁ[@ﬁ
where
[p1) = \ﬁ[undecayed)[noclick)cou,,te,[notfa//en)hamme,[notsmashed)
and

1 .
[p2) E [decayed)[click) counter [fallen) nammer[Smashed) fask [dead) car



Schrdinger’s Cat

Description of the experiment

@ According to von Neumann, measurement is performed when
conscious observer read the result of measuring device. In
that case superposition %[(pl) + %[(pg) will collapse on one
of the states ¢1 and (2 whenever an observation is made.
Since decaying of an atom will instantly led to click of Geinger
counter, falling the hammer, smashing the flask and death of
the cat, for simplicity we consider only states of the atom, i.e.
[undecayed) and [decayed).



Schrdinger’s Cat

Logic Loy and the Cat

e JOa means “it is observed (measured) that it possible that
atom has decayed”,

e JO—a means “it is observed (measured) that it possible that
atom has not decayed”



Schrdinger’s Cat

Logic Loy and the Cat

e JOa means “it is observed (measured) that it possible that
atom has decayed”,

e JO—a means “it is observed (measured) that it possible that
atom has not decayed”

Let w denotes current state of the system. Then

w = CS1 (O0a A CS1 00«
V2’ V2’

can be interpreted as:
e in the state w cat is simultaneously death and alive, or or

e we only know what is possible, i.e., what can we obtain if we
perform the measurement.



Schrdinger’s Cat

Logic Loy and the Cat

From
w = CS1 (O00a A CS1 Jd0—a
V2’ V2’

we obtain that

w E Qa A O—a

This means that if we perform measurement in a state w it is
possible to obtain that the atom has decayed (cat is dead ) and
equally that the atom has not decayed (cat is alive).

Note that it does not mean that it is possible in w that the cat is
simultaneously death and alive: w ¥ ¢(a A —a)



Schrdinger’s Cat

Logic Loy and the Cat

Now, we finally perform the experiment and there are two
possibilities:
o OO« it is observed that it is possible that the atom has
decayed;
o 10—« it is observed that it is possible that the atom has not
decayed;



Schrdinger’s Cat

Logic Loy and the Cat

Now, we finally perform the experiment and there are two
possibilities:
o OO« it is observed that it is possible that the atom has
decayed;
o 10—« it is observed that it is possible that the atom has not
decayed;

The state w collapses into one of the states wi and wp, where
wi = OCa and wy = O0—ar.
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