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Probabilistic reasoning with lambda terms

m combination of simply typed lambda terms and probabilistic logic;
m probabilistic logic;

m simple type assignment.
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Probabilistic logic

m The set of formulas:

m Classical propositional formulas
m Basic probabilistic formulas

PZSOC

m Boolean combinations of basic probabilistic formulas
m Kripke-style semantics M = (W, H, u, v),
m infinitary axiomatization,
m every consistent set can be extended to the maximal consistent set
m canonical model.

@ Z. Ognjanovi¢, M. Ragkovi¢, Z. Markovié, Probability Logics:
Probability-Based Formalization of Uncertain Reasoning. Springer, 2016.
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m neither mixing of classical formulas and probabilistic formulas, nor
nested probability operators is allowed,

m the following two expressions are not (well defined) formulas of the
logic PA_,:
P

1 10
3 Z2

Ot/\PZ%ﬁ, PZ
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LSirnple type assignment A_

Let VA = {x,y,2,...,x1,...} be a countable set of A-term variables.

M = x| Ax.M | MM.

Let Vrype = {a, b, c, ...} be a denumerable set of propositional variables.
Simple types

ocu=alo—o.

Definition [=3]

The lambda term M is S-equal to the lambda term N (notion M =g N)
if and only if there is a sequence M = Ny, Ny, ..., N, = N, where
N; —3 N,'_;,_l or N,'+1 —38 N; for all i € {0, 1,..., n}.
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LSirnple type assignment A_

The simple type assignment, A_, is defined as follows:
M:JT/IIZ'I:T N:o (=)

[x: o]

M:T
MXM:o—T1 (=)

M:o M=z N
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=Gl e e A

Term model M = (D, -, [])

(i)

Domain of a term model is a set of all convertibility-classes of terms.
For M € A, the convertibility-class represented by M will be denoted
by [M], i.e., [M] = {N: N =5 M}.

If p:VpA — D is the valuation of term variables in D, then

[M], € D is the interpretation of M € A in M via p.

Map - is defined by [M] - [N] = [MN], and [ ], is defined by

[M], = [M[Ny, ..., Np/x1,...,xn]], where xq, ..., x, are the free
variables of M, and p(x;) = [N;] and [--- /-] is simultaneous
substitution.

Let £ : Vrype — P(D) be a valuation of type variables. The
interpretation of o € Type in M via &, denoted by [o]¢ € P(D), is
defined:

- [a]e = £&(a);
o —=rle={deD|Ve€[o]e, d-eec[r]e}
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LSirnple type assignment A_

The soundness and completeness of type assignment were proved with
the notion of term model.

Theorem [Soundness]

NMN-M:o0 =TEM:o.

Theorem [Completeness]

FrN=EM:c=TFM:o.

@ J.R. Hindley, The completeness theorem for typing lambda terms.
Theoretical computer Science, 22: 1-17, 1983.
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L probabilistic logical system for simply typed lambda terms PA_s

Syntax of PA_,

Let S be the set of rational numbers from [0,1], i.e., S=1[0,1] N Q. The
alphabet of the logic PA_, consists of

m all symbols needed to define simply typed lambda terms,
m the classical propositional connectives = and A,
m the list of probability operators P, for every s € S.
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Basic and Probabilistic Formulas

Basic Formulas

Forg ax=M:o|aAa|-a.

Example:
mYy:o;
BX:0—TAYy:0;
BX.0—=>TANYy . 0=>Xy: T.

Probabilistic Formulas

Forp ¢ = Pssa | d A | .
Example:
] PZ%X o

mP(x:0—=pAy:0o)= P_i(xy:p).
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Semantics of PA_,

Definition [PA_-structure]

A PA_-structure is a tuple M = (W, p, &, H, u), where:
(i) W is a nonempty set of worlds, where each world is one term model,
i.e., forevery w € W, w = (L(w), w,[ Iw):

(i) p: VA x {w} — L(w), w e W,

(i) & : Viype X {w} — P(L(w)), w € W;

(iv) H is an algebra of subsets of W, i.e. H C P(W) such that
- WeH,
-if U,V € H, then W\U€Hand UUV € H,

(v) pis a finitely additive probability measure defined on H, i.e.,
- (W) =1,
-ifUNV =0, then u(UU V) = pu(U) + u(V),

forall U,V € H.
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We say that a lambda statement M : ¢ holds in a world w, notation
w = M : o, if and only if

[MI7 € [o]g"

Definition [Satisfiability relation]
The satisfiability relation =C P/\ﬂeas x Forpp_, is defined in the following
way:

-MEM:oiffwkEM: o, foral we W,

- M = Pssaiff u([a]) > s;

- M =~ iff it is not the case that M = 2;

- MEA AU iff M E2; and M = 2.
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Example

Consider the following model with three worlds, i.e., let
M= (W,p,& H, p), where:

m W= {w,ws,ws},

m H="P(W),

w p({w})=3J7=123,
and p and ¢ are defined such that
wi E(x:0—=7)A(y:o),
wa = (x o1 = 7)A(y:o1),
wi = (x 100 = T)A(y @ 02).
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y:o Y01

X071
y6:
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1 2
X:0—1T w, X:01—T
y.©o y:ou

X071
y6:

M |:P:%(X:U—>T),M ):P:%(yza),
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Wi
X007 w,
Vo
X071
y6:

M |:P:%(X:U—>T),M ):P:%(yza),

M P_i(xy: 7).

X:01—T
y:ou
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L The axiomatization Axpp

Axiom schemes

(1) all instances of the classical propositional tautologies, (atoms are
any PA_,-formulas),

2
3
4
5
6
7

P>oa,

P<roao= Posa, s > r,

Posa = Pcsa,

(P>ra A P>sB A Psi1(maV =8)) = Psmint1,r+s (@ V B),
(P<ra A P<sfB) = Pepis(aV B), r+s<1,

(
(
(
(
(
(7) Psi(a= B) = (P>sa = P>sB).

~— — ~— ~— — ~—



Probabilistic reasoning with lambda terms

L The axiomatization Axpp

Inference Rules |

(1) M:UT/IKI:TN:U (=€)
[x: 0]
(2) L(_ﬂ)

MXM:o—T1

M: o M=3 N
(3) T (eq)
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L The axiomatization Axpp

Inference Rules Il

(1) From 203 and 243 = A5 infer 2y,
(2) from «infer P>1a,
(3) from the set of premises

1
{¢:>P25—%O‘|k25}

infer ¢ = P>;a.
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Soundness

Theorem [Soundness]

The axiomatic system Axpa_, is sound with respect to the class of
PAMeas_models.
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Every consistent set can be extended to a maximal consistent set.

Definition [Canonical model]

If T* is the maximally consistent set of formulas, then a tuple
My = (W, p,& H, p) is defined:
B W={w=(L(w),w,[]w)| wE T} contains all term models that
satisfy the set T,
= pw(x) = [x],
m {w(a) = {[M] € L(w) |w = M : a},
m H={[a] | « € Forg}, where [a] = {w e W | w E a},
= p([e]) = sup{s | P>sa € T*}.
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Strong completeness

Every consistent set of formulas T is PAMe_satisfiable.
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Further work

B intuitionistic propositional calculus,

m typed lambda calculus with intersection types.
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