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d(X,Oéf(k)) < 2_k, k € N.
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Computable metric space

(X,d,a)
> « a sequence dense in (X, d)
> (i,j) + d(aj, @j) a computable function

x € X is a computable point if there exists a computable
function f : N — N such that

d(X, af(k)) < 2_k, k € N.
(Ai)ien effective enumeration of finite subsets of Im «

A compact set S C X is computable if there exists a computable
function f : N — N such that

dr(S, Nrky) <275, keN.
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Lucija Validzi¢ (University of Zagreb) Starlike neighbourhoods and computability



Computable topological space
(X, T, (Ii)ien)

Lucija Validzi¢ (University of Zagreb) Starlike neighbourhoods and computability



Computable topological space

(X, T, (li)ien)
{l; | i € N} a basis for T, there are c.e. subsets C, D of N2 such
that:
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Computable topological space

(X, T, (li)ien)
{l; | i € N} a basis for T, there are c.e. subsets C, D of N2 such
that:

v

(i,jJeD = inlj=10

(i,j)eC = I C

x,yeX,x#y = (3i,jeN)xel,yel,(i,j)eD
ihjeN,xelinl = (3keN)xel(ki)eC,(kj)eC
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In a computable metric space:
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In a computable metric space:
li = B(Ai, 0i)
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In a computable metric space:
li = B(Ai, 0i)

C={(i,j) e N* [ d(\i, \j) + 0i < 0}

D= {(i,j) e N* | d(\i, \j) > 0; + 0;}
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(Jj)jen effective enumeration of finite unions of /s

A compact set S C X is:
» semicomputableif {; e N| S C J;} is ce.
» computably enumerableif {i e N| SN/ # 0} is cee.

» computable if S is semicomputable and computably
enumerable
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(Jj)jen effective enumeration of finite unions of /s

A compact set S C X is:
» semicomputableif {; e N| S C J;} is ce.
» computably enumerableif {i e N| SN/ # 0} is cee.

» computable if S is semicomputable and computably
enumerable

x € X is a computable point if {x} is a computable set.
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?
S semicomputable = S computable
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?
S semicomputable = S computable

Holds if:
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?
S semicomputable = S computable

Holds if:
» S is a compact manifold

» S is a circularly chainable continuum
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?
S semicomputable = S computable

Holds if:
» S is a compact manifold

» S is a circularly chainable continuum

Need not hold if:
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?
S semicomputable = S computable

Holds if:
» S is a compact manifold

» S is a circularly chainable continuum

Need not hold if:
> S is a line segment

» Sis a cell
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If S is semicomputable, can we find T C S, T # S such that

T computable = S computable?
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If S is semicomputable, can we find T C S, T # S such that

T computable = S computable?

For a compact manifold with boundary S:

T=0S
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Topological 1-polyhedra
(X,T) ts.
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Topological 1-polyhedra
(X,T) ts.

If S C X is homeomorphic to a finite union of line seqments in R”,
we say that S is a topological 1-polyhedron.
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Topological 1-polyhedra
(X,T) ts.

If S C X is homeomorphic to a finite union of line seqments in R”,
we say that S is a topological 1-polyhedron.
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Euclidean points
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neighbourhood = (0, 1)
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boundary points
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neighbourhood = [0, 1)
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starlike points
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starlike neighbourhood
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ne N\ {0}, ie{l,...,n}

I"={(t1,to,...,t,) ER" | t, =0 for k # i, t; € [0,1]}

1
T"=KHUlyu---Uly
["={(t1,ta,..., ta) ER" |ty =0 for k # i, t; € [0,1)}
Tr=muu---ulp
(X, T)ts,SCX
x € S is a starlike point in S if there exist n € N,n >3 and a

continuous injective map f : T, — S such that f(0) = x and
f(T") is an open set in S.
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Main goal

S a topological 1-polyhedron

S semicomputable, S computable = S computable
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Main goal

S a topological 1-polyhedron

S semicomputable, S computable = S computable

x € 0§ if there exists a neighbourhood N of x in S and a
homeomorphism £ : [0,1) — N such that f(0) = x.
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Local computable enumerability
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Local computable enumerability
(X, T, () cts.
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Local computable enumerability

(X, T,(l})) cts.
Let S, TC X, T CS. T is computably enumerable up to
S if there exists c.e. Q C N such that for each i € N:
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Local computable enumerability

(X, T,(l})) cts.
Let S, TC X, T CS. T is computably enumerable up to
S if there exists c.e. Q C N such that for each i € N:

INT#0) = ieQ
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Local computable enumerability

(X, T,(I)) cts.
Let S, TC X, T CS. T is computably enumerable up to
S if there exists c.e. Q C N such that for each i € N:

INT#0) = ieQ

ieQ = INS#(

,
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Local computable enumerability

(X, T,(I)) cts.
Let S, TC X, T CS. T is computably enumerable up to
S if there exists c.e. Q C N such that for each i € N:

INT#0) = ieQ

ieQ = INS#(

o
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Local computable enumerability
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Local computable enumerability

S is computably enumerable at x if there exists a
neighbourhood N of x in S such that N is c.e. up to S.
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Local computable enumerability

S is computably enumerable at x if there exists a
neighbourhood N of x in S such that N is c.e. up to S.

Properties:
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Local computable enumerability

S is computably enumerable at x if there exists a
neighbourhood N of x in S such that N is c.e. up to S.

Properties:
» Sisce.< Sisce.upto S
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Local computable enumerability

S is computably enumerable at x if there exists a
neighbourhood N of x in S such that N is c.e. up to S.

Properties:
» Sisce.< Sisce.upto S
» Aand Bce. upto S = AUBisce.upto S
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Local computable enumerability

S is computably enumerable at x if there exists a
neighbourhood N of x in S such that N is c.e. up to S.

Properties:
» Sisce.< Sisce.upto S
» Aand Bce. upto S = AUBisce.upto S

S a compact set

Sisce. & Sisc.e.ateach xe S
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Some topological properties of a semicomputable set imply that it
is c.e. at a certain point!
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Some topological properties of a semicomputable set imply that it
is c.e. at a certain point!

Let (X, T,(l;)) be a computable topological space, S a
semicomputable set in this space and x € S. If one of the following
holds:
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Let (X, T,(l;)) be a computable topological space, S a
semicomputable set in this space and x € S. If one of the following
holds:

> x has a neighbourhood in S homeomorphic to some R"
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Some topological properties of a semicomputable set imply that it
is c.e. at a certain point!

Let (X, T,(l;)) be a computable topological space, S a

semicomputable set in this space and x € S. If one of the following
holds:

> x has a neighbourhood in S homeomorphic to some R"

» there is a semicomputable set T C S, a neighbourhood N of x
in S and a homeomorphism f : H" — N such that
x € f(BAH"), f(BAH")=NNT
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Some topological properties of a semicomputable set imply that it
is c.e. at a certain point!

Let (X, T,(l;)) be a computable topological space, S a
semicomputable set in this space and x € S. If one of the following
holds:

> x has a neighbourhood in S homeomorphic to some R"

» there is a semicomputable set T C S, a neighbourhood N of x
in S and a homeomorphism f : H" — N such that
x € f(BAH"), f(BAH")=NNT

S is computably enumerable at x.
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S a semicomputable topological 1-poyhedron
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S a semicomputable topological 1-poyhedron

» S is c.e. at its Euclidean points

Lucija Validzi¢ (University of Zagreb) Starlike neighbourhoods and computability



S a semicomputable topological 1-poyhedron
» S is c.e. at its Euclidean points

» if JS is (semi)computable, S is c.e. at its boundary points
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S a semicomputable topological 1-poyhedron
» S is c.e. at its Euclidean points

» if JS is (semi)computable, S is c.e. at its boundary points

Main theorem

Let (X, 7, (/;)) be a computable topological space and S a
semicomputable set in this space. If x is a starlike point in S, then
S is computably enumerable at x.
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Main result

Let (X,T,(l;)) be a computable topological space and S C X a
topological 1-polyhedron. If S and OS are semicomputable, then S
is computable.
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