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Relevant examples of categorified structures

sets
functions
equalities

categories
functors
coherent isomorphisms

Coherence of symmetric monoidal categories
S. Mac Lane
Categories for the Working Mathematician
Springer, 1997

βf ,g,h : (fg)h → f (gh) γf ,g : fg → gf

Coherence of categorified operads
K. Došen, Z. Petrić
Weak Cat-operads
Logical Methods in Computer Science, 2009

βi,j
f ,g,h : (f ◦i g)◦j h → f ◦i (g ◦j−i+1 h) θi,j

f ,g,h : (f ◦i g)◦j h → (f ◦j h)◦i+n−1 g
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Cyclic operads

C : Bijop → Set

x◦y : C(X )× C(Y ) → C(X \{x} ∪ Y \{y})
(f x◦x g) y◦y h = f x◦x (g y◦y h) f x◦y g = g y◦x f

fC(X ) 3 x

f

g

h

x x

y y

f σ1
σ−1
1 (x)◦σ−1

2 (y) g σ2 = ( f x◦y g)σ

Parallel associativity
(f x◦x g) y◦y h = (g x◦x f ) y◦y h = g x◦x (f y◦y h) = (f y◦y h) x◦x g
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Categorified cyclic operads

C : Bijop → Cat

x◦y : C(X)× C(Y ) → C(X\{x} ∪ Y \{y})

β : (f x◦x g) y◦y h → f x◦x (g y◦y h) γ : f x◦y g → g y◦x f

((fg)h)k

(f (gh))k (fg)(hk)

f ((gh)k) f (g(hk))

f

g
h

kβ · 1 β

β β

1 · β

((fg)h)k
(h(fg))k h((fg)k)

((fg)k)h

(f (gk))h(f (gh))k

f ((gh)k)
f ((hg)k) f (h(gk))

f ((gk)h)

f

g

h k

γ · 1
β

γ

β · 1β · 1

ββ

1 · γ · 1
1 · β

1 · γ

(fg)h f (gh) (gh)f

(gf )h h(gf ) (hg)f
g

f h

β γ

γ · 1 γ · 1

γ β

fg

gf fg

f σ1
σ−1
1 (x)◦σ−1

2 (y) g σ2 = ( f x◦y g)σ

βσ
f ,g,h = βfσ1 ,gσ2 ,hσ3

γσ
f ,g = γfσ1 ,gσ2

(ϕ · ψ)σ = ϕσ1 · ψσ2

γ 1

γ



Polytopes of categorified cyclic operads



Categorified operads: Hypergraph polytopes

K. Došen, Z. Petrić
Hypergraph polytopes
Topology and its Applications 158, pp. 1405–1444, 2011

P.-L. Curien, J. Obradović, J. Ivanović
Syntactic aspects of hypergraph polytopes
Journal of Homotopy and Related Structures
https://doi.org/10.1007/s40062-018-0211-9

truncations

simplex associahedron hemiassociahedron permutohedron

“the more hyperedges, the more truncations”



Hypergraph terminology

Hypergraph H = (H ,H)
H - vertices H ⊆ P(H )\∅ - hyperedges

⋃
H = H

H = {x, y, z, u} H = {{x}, {y}, {z}, {u}, {x, y}, {x, u}, {y, z}, {x, y, z}}

x

u

y z

Additional properties non-empty, finite, atomic, connected, saturated:

(∀X ,Y ∈ H) X ∩ Y 6= ∅ ⇒ X ∪ Y ∈ H

Sat(H)={{x},{y},{z},{u},{x, y},{x, u},{x, y, u},{y, z},{x, y, z},{x, y, z, u}}
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A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}

x y

z

u



A polytope from a hypergraph

Hemiassociahedron

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

Sat(H) = {{x},{y},{z},{u},{x, y},{y, z},{z, x},{x, u},{x, y, z},{x, y, u},{x, z, u},{x, y, z, u}}



Polytopes of categorified operads

a

b e

c d

x u

z y

x u

z y

H = {{x}, {y}, {z}, {u}, {x, y}, {y, z}, {z, x}, {x, u}}

((ab)c)d ((ab)d)c

(a(bd))c(a(bc))d

a((bc)d) a((bd)c)

θ

ββ

ββ

θ

((ab)c)d ((ab)d)c

(a(bd))c(a(bc))d

a((bc)d) a((bd)c)

θ

ββ

ββ

θ
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Polytopes of categorified operads

d
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Polytopes of categorified cyclic operads

“Rooted associativity” vs. “Unrooted associativity”

a

b

c

(ab)c a(bc)
β

a

b c

(ab)c a(bc)

(ba)c (bc)a

c(ba) (cb)a

c(ab) a(cb)

ββ

β−1

β

β−1

β



β, γ β, θ, ϑ, γ

β
x,x;y,y
a,b,c : (a x◦x b) y◦y c → a x◦x (b y◦y c) β

x,x;y,y
a,b,c : (a x◦x b) y◦y c → a x◦x (b y◦y c)

γ
x,x
a,b : a x◦x b → b x◦x a θ

x,x;y,y
b,a,c : (b x◦x a) y◦y c → (b y◦y c) x◦x a

ϑ
y,y;x,x
c,a,b : c y◦y (a x◦x b) → a x◦x (c y◦y b)

γ
x,x
a,b : a x◦x b → b x◦x a

((ab)c)d

(a(bc))d (ab)(cd)

a((bc)d) a(b(cd))

β · 1 β

β β

1 · β

((ab)c)d

(a(bc))d (ab)(cd)

a((bc)d) a(b(cd))

β · 1 β

β β

1 · β

(ab)c a(bc)

(bc)a(ba)c

c(ba) (cb)a

β

γγ · 1

γ · 1γ

β

(ba)c (bc)a

a(bc)(ab)c

θ

γγ · 1
β

c(ab) a(cb)

a(bc)(ab)c

ϑ

1 · γγ

β

((ab)c)e

(c(ab))e c((ab)e)

((ab)e)c

(a(be))c(a(bc))e

a((bc)e)

a((cb)e) a(c(be))

a((be)c)

γ · 1

β

γ

β · 1β · 1

ββ

1 · (γ · 1)
1 · β 1 · γ

((ab)c)e ((ab)e)c

(a(be))c(a(bc))e

a((bc)e) a((be)c)

θ

β · 1β · 1

ββ

1 · θ

a

b

cd

e
x
x

y
y

zz

u u



Polytopes of categorified cyclic operads

Categorified operads Categorified cyclic operads

A(H) =


associahedron
hemiassociahedron
permutohedron

Aha(H) ' A(H)× Q|H|

(ab)c a(bc)βa,b,c (ba)c

c(ba)
(ab)c

c(ab)

a(cb)

(cb)a
a(bc)

(bc)a

βa,b,c

ϑc,a,b

θb,a,c

β
−1

c,b,a



Thank you!


