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Probabilistic Lambda Calculus Ag jet

M;N:=x | AXxM|MN|M@&N|let x=Min N

Values (VAg let): - variables
- abstractions

(M.M)N  — M{N/x}
let x=Vin M — M{V/x}
M®&N — M,N
MN — LN,if M — L
letx=MinN —letex=MinN, ifM-—> M




Operational semantics

o value distribution D : VAg jet — Ryo 1], >vD(V)<1

M| & V| {vl}

NYG  {M{V/x} 1 Hylyes MyD NIE
let x = N in M | Yyes6) 9(V)HY MeN | D+ 1€

My D {P{N/x} | 5P,N}/\X.Pe3(p)
MN § 3zx.pesp) P(AX.P)Ep N

[M] = suppypD
2IM] = Xvevag . IMI(V)
S



Context Equivalence

Context
Co=[]|xC|CM|MC|COM|M&dC|letx=CinM
|let x =M in C.

A

Definition (Context Equivalence)

Terms M and N are context equivalent (M ~ N) if for every
context C, it holds > .[[C[M]] = D[ C[N]]-

Example

AXAY.(xBy) # (AxAy.x) ® (Ax.Ay.y)

| A

° Ax.Ay.(x@y) and (Ax.\y.x) ® (Ax.\y.y) are context
equivalent in Ag (probabilistic lambda calculus without
let ... in operator).

‘ k
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Probabilistic lambda calculus as LMC

Labelled Markov Chain: (A(&) w VA(Z), {1} u A(&F), P)
- states: A(J) w VA(D)

- actions: {7} U A(¥)
- to distinguish a value Ax.M, we indicate it with vx.M

Transition probability matrix P
o for term M and distinguished value vx.N |

P(M,r,ux.N) = [M](Ax.N),
o for term M and distinguished value vx.N ,

P(vx.N,M, N{M/x}) =1,

@ in all other cases, P returns 0.
4
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o let (S, L, P) be a labelled Markov Chain;

@ let R be a preorder relation on S;

Probabilistic simulation

‘R is a probabilistic simulation if:
(s,t) € R implies P(s,/,X) < P(t,l,R(X)), for every | € L and
XcS.

Similarity: M<N

Probabilistic bisimulation

R is a probabilistic bisimulation if R and R~ are probabilistic
simulations .

Bisimilarity: M=~ N ~=35n(g)t
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o let (S,L,P) be a labelled Markov Chain

Testing language

ti=w|at](tt)

@ w- a symbol for termination

@ ac Ll

Definition (P:(-) : S — Rpo.1))

P,(M) = 1
Par(M) = > P(M,a,M)P(M)
7

Pies) (M) = Pe(M) - Ps(M)
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Test: t=71.(l.7.Q7.w, [.7.Q1T.0)
Pe(Ax Ay x®y) = L;
P:(Ax. Ay x @ Ax.Ay.y) = %



Ag Jet as labelled Markov chain: (A(Q) w VA(Z), {T} UA(D), P)

M ~ N if and only if Py(M) = P:(N), for every test t.

Testing Equivalence ) Bisimilarity

@ F. van Breugel, M. W. Mislove, J. Ouaknine, and J. Worrell. Domain
theory, testing and simulation for labelled markov processes. Theor.
Comput. Sci., 333(1-2):171197, 2005.
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Bisimilarity implies Context Equivalence

@ Howe's Method;

o <~ ()M Howe's lifting;

o ()" -~ -~ (()M)* reflexive and transitive closure;
°

°

(<)H)* is precongruence and ((<)7)* =<;

A is a congruence.

Let M and N be terms in Ngyjet. If M ~ N, then
SMCIM]N = X CIN]], for every context C.




Context Equivalence implies Testing Equivalence

@ every test has an equivalent context

Let t €T be a test. There are contexts C and D, such that for
every term M and value V, Py(M) = > [[C[M]] and

Pe(V) = 2[DIVIT

@ context equivalence implies testing equivalence

Let M and N be terms in Ng . If Y [C[M]]] = X [C[N]], for
every context C, then Pi(M) = P¢(N) for every test t € T.
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Thank you!
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