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Probabilistic lambda calculus Λ‘

M,N ::“ x | λx .M | MN | M ‘ N

Call-by-Name

pλx .MqN Ñ MtN{xu

Testing Equivalence Bisimilarity

Context Equivalence

Call-by-Value

pλx .MqV Ñ MtV {xu
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Call-by-Name

Testing Equivalence Bisimilarity

Contextual Equivalence

Call-by-Name
+ ?

Testing Equivalence Bisimilarity

Contextual Equivalence
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Call-by-Name

Testing Equivalence Bisimilarity

Contextual Equivalence

Call-by-Name
+ ”let ... in ...”

Testing Equivalence Bisimilarity

Contextual Equivalence

Call-by-Value
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Contextual Equivalence

Probabilistic Testing of Lambda Terms LAP, September 2018



1 Probabilistic lambda calculus Λ‘,let

2 Probabilistic lambda calculus as LMC

3 Testing

4 Full Abstraction

Probabilistic Testing of Lambda Terms LAP, September 2018



1 Probabilistic lambda calculus Λ‘,let

2 Probabilistic lambda calculus as LMC

3 Testing

4 Full Abstraction

Probabilistic Testing of Lambda Terms LAP, September 2018



Probabilistic Lambda Calculus Λ‘,let

Syntax

M,N ::“ x | λx .M | MN | M ‘ N | let x “ M in N

Values pVΛ‘,letq: - variables
- abstractions

Reduction

pλx .MqN Ñ MtN{xu
let x “ V in M Ñ MtV {xu

M ‘ N Ñ M,N
MN Ñ LN, if M Ñ L

let x “ M in N Ñ let x “ M 1 in N, if M Ñ M 1
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Operational semantics

value distribution D : VΛ‘,let Ñ Rr0,1s,
ř

V DpV q ď 1

M ó H V ó tV 1u

N ó G tMtV {xu ó HV uVPSpGq

let x “ N in M ó
ř

VPSpGq GpV qHV

M ó D N ó E
M ‘ N ó 1

2D `
1
2E

M ó D tPtN{xu ó EP,Nuλx .PPSpDq
MN ó

ř

λx .PPSpDqDpλx .PqEP,N

rrMss “ supMóDD
ř

rrMss “
ř

VPVΛ‘,let
rrMsspV q
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Context Equivalence

Context

C ::“ r¨s | λx .C | CM | MC | C ‘M | M ‘ C | let x “ C in M
| let x “ M in C .

Definition (Context Equivalence)

Terms M and N are context equivalent (M » N) if for every
context C , it holds

ř

rrC rMsss “
ř

rrC rNsss.

Example

λx .λy .px ‘ yq fi pλx .λy .xq ‘ pλx .λy .yq

λx .λy .px ‘ yq and pλx .λy .xq ‘ pλx .λy .yq are context
equivalent in Λ‘ (probabilistic lambda calculus without
let . . . in operator).
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Probabilistic lambda calculus as LMC

Labelled Markov Chain: pΛpHq Z VΛpHq, tτu Y ΛpHq,Pq
- states: ΛpHq Z VΛpHq

- actions: tτu Y ΛpHq

- to distinguish a value λx .M, we indicate it with νx .M

Transition probability matrix P

for term M and distinguished value νx .N ,

PpM, τ, νx .Nq “ rrMsspλx .Nq,

for term M and distinguished value νx .N ,

Ppνx .N,M,NtM{xuq “ 1,

in all other cases, P returns 0.
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Example

λx .λy .x ‘ y

νx .λy .x ‘ y

λy .I ‘ y

νy .I ‘ y

I ‘ Ω

νx .x

τ1
2

Ω

τ

I

τ

λx .λy .x ‘ λx .λy .y

νx .λy .x

λy .I

νy .I

I

νx .x

τ

Ω

τ

I

τ1
2

νx .λy .y

λy .y

νy .y

Ω

Ω

τ

I

τ1
2
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Bisimilarity

let pS,L,Pq be a labelled Markov Chain;

let R be a preorder relation on S;

Probabilistic simulation

R is a probabilistic simulation if:
ps, tq P R implies Pps, l ,X q ď Ppt, l ,RpX qq, for every l P L and
X Ď S.

Similarity: M À N

Probabilistic bisimulation

R is a probabilistic bisimulation if R and R´1 are probabilistic
simulations .

Bisimilarity: M « N « “ À XpÀq´1
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Example

λx .λy .x ‘ y

νx .λy .x ‘ y

λy .I ‘ y

νy .I ‘ y

I ‘ Ω

νx .x

τ1
2

Ω

τ

I

τ

λx .λy .x ‘ λx .λy .y

νx .λy .x

λy .I

νy .I

I

νx .x

τ

Ω

τ

I

τ1
2

νx .λy .y

λy .y

νy .y

Ω

Ω

τ

I

τ1
2

pλx .λy .px ‘ yqq ff ppλx .λy .xq ‘ pλx .λy .yqq
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Testing

let pS,L,Pq be a labelled Markov Chain

Testing language

t ::“ ω | a.t | pt, tq

ω- a symbol for termination

a P L

Definition (Ptp¨q : S Ñ Rr0,1s)

PωpMq “ 1

Pa.tpMq “
ÿ

M 1

PpM, a,M 1qPtpM
1q

Ppt,sqpMq “ PtpMq ¨ PspMq
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Example

λx .λy .x ‘ y

νx .λy .x ‘ y

λy .I ‘ y

νy .I ‘ y

I ‘ Ω

νx .x

τ1
2

Ω

τ

I

τ

λx .λy .x ‘ λx .λy .y

νx .λy .x

λy .I

νy .I

I

νx .x

τ

Ω

τ

I

τ1
2

νx .λy .y

λy .y

νy .y

Ω

Ω

τ

I

τ1
2

Test: t “ τ.pI .τ.Ω.τ.ω, I .τ.Ω.τ.ωq
Ptpλx .λy .x ‘ yq “ 1

4 ;
Ptpλx .λy .x ‘ λx .λy .yq “

1
2 .
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Λ‘,let as labelled Markov chain: pΛpHqZVΛpHq, tτuYΛpHq,Pq

Theorem

M « N if and only if PtpMq “ PtpNq, for every test t.

Testing Equivalence Bisimilarity

F. van Breugel, M. W. Mislove, J. Ouaknine, and J. Worrell. Domain
theory, testing and simulation for labelled markov processes. Theor.
Comput. Sci., 333(1-2):171197, 2005.
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Testing Equivalence Bisimilarity

Context Equivalence
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Bisimilarity implies Context Equivalence

Howe’s Method;

À ´ ´ ´´ ą pÀqH Howe’s lifting;

pÀqH ´ ´ ´´ ą ppÀqHq` reflexive and transitive closure;

ppÀqHq` is precongruence and ppÀqHq` “À;

« is a congruence.

Theorem

Let M and N be terms in Λ‘,let. If M « N, then
ř

rrC rMsss “
ř

rrC rNsss, for every context C.
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Context Equivalence implies Testing Equivalence

every test has an equivalent context

Lemma

Let t P T be a test. There are contexts C and D, such that for
every term M and value V , PtpMq “

ř

rrC rMsss and
PtpV q “

ř

rrDrV sss.

context equivalence implies testing equivalence

Theorem

Let M and N be terms in Λ‘,let. If
ř

rrC rMsss “
ř

rrC rNsss, for
every context C, then PtpMq “ PtpNq for every test t P T .
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To conclude

Λ‘,let:

call-by-name probabilistic lambda calculus
+ ”let . . . in . . .”,

full abstraction

Testing Equivalence Bisimilarity

Context Equivalence
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Thank you!
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