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Incidence theorems

For three mutually distinct colinear points X, Y and Zin R?, let

%7 if Zis between X and Y,
(X, Y;2) =4 xz

vz, Otherwise.

Menelaus’ theorem

For a triangle ABC and points P, @ and R (different from the vertices) on the
lines BC, CA and AB respectively, it holds that

P, Q, R are colinear iff (B,C;P)-(C,A;Q)-(A,B;R)=—1.

A

B C P
The sextuple ABCPQR is a Menelaus configuration.
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Incidence theorems

Desargues’ theorem

If ABC and UVW are two triangles such that A # U, B# Vand C# W, if
BCNVW={P}, ACNUW={Q} and ABN UV = {R}, then

AU, BV and CW are concurrent iff P, @ and R are colinear.

(C,D; W)-(D,B; V) (B,C; P) = —1
(D,C; W) - (A,D;U)- (C,A; Q) = —1
(B,D;V)-(D,A;U)- (A, B;R) = —1

(B,C;P)-(C,A;Q) - (A, B;R) = —
By Menelaus, P, @), R are colinear.




Incidence theorems

Desargues’ theorem
If ABC and UVW are two triangles such that A # U, B# Vand C# W, if

BCNVW={P}, ACNUW={Q} and ABN UV = {R}, then
AU, BV and CW are concurrent iff P, @ and R are colinear.

(C,D; W)~ (D, B; V)~ (B,C; P) = ~1
(D, C; W) - (A, D; U)- (C,A; Q) = =1
(B.D; V) (D, A; U) - (4, B; R) = —1

(B,C;P)-(C,A;Q) - (A, B;R) = —
By Menelaus, P, @), R are colinear.

Cyclic sequent:
F ABCPQR,ABDVUR, ACDWUQ, BCDWVP

Whenever 3 out of 4 sextuples is a Menelaus configuration, then so is the fourth
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We consider compact, orientable 2-manifolds without boundary and
subdivisions by CW-complexes whose faces are triangles. Consider such
a cycle as being interpreted by flat triangles. The presence of Menelaus
configurations on all but one of the faces implies the existence of a
Menelaus configuration on the final face.
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M-complexes:
finite, homogeneous 2-dimensional, regular, linked, orientable A-complexes

7 @ <




Permutations of vertices and switching of triangles

o If Ay Ay A3By By B3 makes a Menelaus configuration and 7 is a permutation
of the set {1,2, 3}, then the sextuple

Ar(1)Ar(2)An(3) Br(1) Br(2) Br(3)

makes a Menelaus configuration, too.
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The Menelaus system

o Atomic formulae: FS(W) = W — {X;...Xs € W| X; # X, for i+ j}
o Sequents: finite multisets of formulae; denoted by - T’

o For an M-complex L such that LoU Ly C W, let v: Ly — FS(W) be
defined as vz = dydox dydox dodpz dox diz doz.

F{vz|z e Lo}

- ABCPQR, BCAQRP  + ABCPQR, ARQPCB

Fle FA @
FT,A




The Menelaus system is sound

o A Euclidean interpretation is a function from W to R2.

o An interpretation satisfies the atomic formula ABCPQR when the sextuple
ABCPQR of points in R? is a Menelaus configuration.

o Let T' =g ¢ mean that every Euclidean interpretation that satisfies every
formula in I' also satisfies ¢.

Suppose that I' = {z1,...,z,}. If £ [, a; is derivable, then ' =5 ;.
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The Menelaus system is sound

o A Euclidean interpretation is a function from W to R?.

o An interpretation satisfies the atomic formula ABCP@QR when the sextuple
ABCPQR of points in R? is a Menelaus configuration.

o Let I' =g ¢ mean that every Euclidean interpretation that satisfies every
formula in T" also satisfies ¢.

Suppose that T' = {zy,...,2,}. If £ T, z; is derivable, then T' =5 a;.

Proof. By induction on the complexity of a derivation of - I, x;.
o Suppose T, z; is an axiomatic sequent derived from an M-complex L.

Define h: (Cy,+,0) — (R\{0},-,1) by h(a) = h(y1)** -...- A(ym)*m, for

m
a= Z ay; and - A(y;) = (vdoys, vdiys; vys).
i=1



The Menelaus system is sound

o A Euclidean interpretation is a function from W to R2.

o An interpretation satisfies the atomic formula ABCPQR when the sextuple
ABCPQR of points in R? is a Menelaus configuration.

o Let I" =g ¢ mean that every Euclidean interpretation that satisfies every
formula in T" also satisfies ¢.

Suppose that I' = {zy,...,x,}. If £ T, z; is derivable, then T' =5 ;.

Proof. By induction on the complexity of a derivation of - I, z;.
o Suppose T, z; is an axiomatic sequent derived from an M-complex L.
Therefore, assuming that dz; = P— @ + R, we have

((37 CaP) ’ (01A§ Q) . (AvB§R))71'



The Menelaus system is sound

o A Euclidean interpretation is a function from W to R2.

o An interpretation satisfies the atomic formula ABCPQR when the sextuple
ABCPQR of points in R? is a Menelaus configuration.

o Let I =g ¢ mean that every Euclidean interpretation that satisfies every
formula in T' also satisfies ¢.

Suppose that I' = {z,...,z,}. If £ T, 2; is derivable, then T =5 ;.

Proof. By induction on the complexity of a derivation of - I', z;.

o Suppose - I', z; is an axiomatic sequent derived from an M-complex L.

By orientability of L, we have that
89@ = Z Ejalfj,
j#i
where |{j|j # i}| is odd, and where h(¢;0z;) = —1. Therefore, h(dz;) = —1.



The Menelaus system is decidable

For a multiset T" of formulae, let A\(T") be the set of elements of W occurring in T,
and let x(T") be the number of elements of T'.

Lemma (finiteness of the search space). For every sequent - A that occurs in
a derivation of = T, we have that A\(A) C A(T") and 2 < k(A) < &(T).
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The Menelaus system is decidable

For a multiset T" of formulae, let A\(T") be the set of elements of W occurring in T,
and let x(T") be the number of elements of T'.

Lemma (finiteness of the search space). For every sequent - A that occurs in
a derivation of = T, we have that A\(A) C A(T") and 2 < k(A) < &(T).

There exists a decision procedure for determining whether a sequent - I is
derivable in the Menelaus system.

Proof. First, note that the set of axiomatic sequents is decidable. Then, let
S={FA|IXA) CAT) and 2 < k(A) < (I")}.
Let Sy C S be the subset of axiomatic sequents.

o If ' C Sy, 1T is derivable.

o Otherwise, let S; contain the elements of Sy and all the sequents from §
obtained from two Sy sequents by a single application of cut.

— If 81 = 5y, F I' is not derivable.
— Otherwise, we proceed in the same manner...



From derivable sequents to incidence results

Desargues’ theorem

If ABC and UVW are two triangles such that A # U, B# Vand C# W, if
BCNVW={P}, ACNUW={Q} and ABN UV = {R}, then
AU, BV and CW are concurrent iff P, @ and R are colinear.

- ABDVUR, BCDWVP, ACDWUQ, ABCPQR + ARUVDB, ARQPCB, URQPWYV, AQUWDC



From derivable sequents to incidence results

Let AU, BV and CW be concurrent lines in R2, and let X and E be such that B,
X and E are colinear. For {P} = BCN VW, {Q} = ACN UW, {R} = ABN UV,
{Y} = AXN RE, {Z} = XCnN EP, the points (), Y and Z are colinear.

- ABDVUR, BCDWVP, ACDWUQ, ABCPQR
- ABCPQR, BPRQAC
- BREYXA, BPEZXC, RPEZYQ, BPRQAC

+ ABDVUR, BOCDWVP, ACDWUQ,
BREYXA, BPEZXC, RPEZYQ




From derivable sequents to incidence results

F (X, Y,Z,B1,A),(X,Y,ZB,2,C),(X,Y,ZD,3,0),(X, Y, Z D4, E),
(X7 KZ7 F7 57 E)7 (X7 KZ7 F7 17 G)7 (X7 Y7 Z7 H747 G)’
(X,Y,Z,H51),(X,Y,2,J,2,1),(X,Y, Z,J,3,A)



From derivable sequents to incidence results

(XY, Z,B1,4),(X,Y,2,B,2,0),(X,Y, ZD,3,0),(X, Y, Z, D, 4, E),
(X’ Y? Z7 F7 57 E)? (X’ Y7 Z7 F7 17 G)7 (X7 Y7 Z’ H? 47 G)
(X,Y,2,H,5,1),(X,Y,Z,J,2,1),(X, Y, Z, J,3, A)
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