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@ Full simply typed lambda calculus

ﬁ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.
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o Full simply typed lambda calculus

[3 Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.

Terms M, N ::=x| x.M|MN|m(M)|m2(M)[{M, N)|iny(M)|iny(M)|
|case M of ini(x) = N | ina(y) = L|()|abort(M)
Types o,Ti=alo—=T|oxT|o+7]0]|1
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@ Full simply typed lambda calculus
[@ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.
@ Kripke-style semantics
e Kripke applicative structure

K= (W, < AA%} {ig i)

W is a set
of “possible
worlds” partially
ordered by <
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@ Full simply typed lambda calculus
[@ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.
@ Kripke-style semantics
e Kripke applicative structure

K= (W, < AA%} {ig i)

{A%} is a family
of sets indexed
by types o
and worlds w
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LAP 2019 (reminder)

@ Full simply typed lambda calculus
[@ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.
@ Kripke-style semantics
e Kripke applicative structure

K= <W7 §7 {Ag/}v {ix,w’}>

T “ " T
a family {ig ,/} of “transition functions” /7  :

A% — A?, indexed by types of ¢ and pairs of worlds
w < w/, which satisfy the following conditions:

iy w P Ay — A, is identity (id)

[}

o © iy g = g, o forall w <w’ < w” (comp)
J
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@ Full simply typed lambda calculus
[@ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.
@ Kripke-style semantics
e Kripke applicative structure

_ _ K= W, <AALL AL Wb
e valuation p - partial mapping, p: V x W — U A,
o€Type,weW

If p(x,w) € A}, and w < w' then p(x,w') =i . (p(x, w)).
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LAP 2019 (reminder)

@ Full simply typed lambda calculus

[@ Mitchell, J. C., Foundations for programming languages, Foundation of
computing series. MIT Press, 1996.

@ Kripke-style semantics

e Kripke applicative structure

_ _ K= (W, < AALH A wih)

e valuation p - partial mapping, p: V x W — U A,
o€Type,weW

If p(x,w) € A}, and w < w' then p(x,w’) =i ,.(p(x, w))

o Kripke lambda model K, = (K, p)

w = x : o if and only if p(x, w) € A7,

@ Soundness (proved)

@ Completeness (conjectured)
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Failure

Inconsistent basis is unsatisfiable.

@ [ is inconsistent if T = M : 0 for some M.
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NEW Kiripke-style semantics

ﬁ Kasterovi¢, S., Ghilezan, S., Kripke semantics and completeness for full
simply typed lambda calculus, to appear in Journal of Logic and
Computation Volume 30, issue 8 (2020).
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NEW Kiripke-style semantics

K= <W7 < {DW}7 {A(vrv}7 {APPW}, {'Drojl,w}7 {'Dro.j2,w}a {/n/W}7 {Ian}7 {iW,W’}>
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NEW Kiripke-style semantics

K= (W, <{Du},{A%}, {Appw} {Projiw}, {Projz.w}, {Inh}, {Inru}, {iw.w})

W is a set
of possible
worlds
partially
ordered
by <

—
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NEW Kiripke-style semantics

K= <W> < {DW}7{A3-/}7 {APPW}7 {Projl,w}> {Proj2,w}7 {In/W}7 {/an}= {iW,W’}>

a family {DW}WEW

of sets, indexed by
worlds w, where the
set D,, represents the
domain of a world w,
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NEW Kiripke-style semantics

K= <W> < {DW}> {A(\Z/}7{APPW}7 {Projl,w}> {'Droj2,w}7 {In/W}’ {/an}’ {iW,W’}>

a family {A7} of [ Sets A7, satisfy conditions: )
sets indexed by types

o and worlds w o forall we W, for all o € Type, A}, C Dy,

A% is empty, i.e. A% = (), and Al, has one
element, ie. AL ={1,} 1, € D,

@ there exists an injection function
H: D, 4D, — D, such that for all
o,7 € Type, H: A9 W AT — ATHT,
@ there exists an injection function
G:D, — D, x D, such that for all
o,7 € Type, G : AT — A7 x A7,
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NEW Kiripke-style semantics

K= <W> <, {DW}> {A(va}7 {Appw}.,{Pl’Ojl,W}, {Proj2,w}7 {In/W}7 {/an}= {iW,W’}>

a family {Appw } of
application functions
Appw, : Dy, x D,, — D,,
indexed by worlds w

Appu | (AS7T X A) © ASTT x AT, = A,
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NEW Kiripke-style semantics

K= <W> <, {DW}> {A(va}7 {APPW}, {Projl,w}v{PronW}v {In/W}7 {/an}= {iW,W’}>

a family {Proj w } of
first projection functions
IBSE o 3 Dk — Dy
indexed by worlds w

Projiw | AL @ AST — AT,
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NEW Kiripke-style semantics

K= <W> < {DW}> {A(va}7 {APPW}, {Projl,w}> {Proj2,w}7{ln/W}7 {/an}= {iW,W’}>

a family {Proj> . }
of second pro-
jection functions
Proj> » : Dy, — Dy,
indexed by worlds w

Projp.v, | AZXT + AT — A,
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NEW Kiripke-style semantics

K= <W> < {DW}> {A(va}7 {APPW}, {Projl,w}> {Proj2,w}7 {In/W}v{/an}= {iW,W’}>

a family {Inl, } of left
injection functions
Inly, : D,, — D,

indexed by worlds w

Inl, | AZ : A% — ATHT

w
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NEW Kiripke-style semantics

K= <W,§, {DW}>{Atva}>{Appw}7{Projl,w}7{Proj2,w}7{In/W}7{/an}a{iW,W’}>

a family {Inr,,} of right
injection functions
Inr,, : D, — D,

indexed by worlds w

Inry | AT, . AT — ATHT
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NEW Kiripke-style semantics

K= <W7 < {DW}7 {A(vrv}7 {APPW}’ {'Drojl,w}7 {Pro.j2,w}7 {/n/W}a {/an}7 {iwaw’}>

Vs

iww | AY, 0 A7, — A%, and all transition

a family {iW‘FW/} of
transition functions
I.W7W/ 5 DW — DW/
indexed by pairs
of worlds w < w/

functions satisfy the following conditions:
iw,w : Dw — Dy is the identity (id)

o . . / 7
I w' O Iy w! = Iy forallw <w <w

(comp)

J
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We also require that the application functions, the projection functions
and the injection functions commute with the transition in a natural way:

(Vf € D) (Va € D) (YW € W,w < w')
i (APPw(F ) = AP (s (F), iy (3))
iw,w (Proji,w(a Proji,w (iw,w(a))
iw,w (Proj,w(a Prsz w' (w,w'(2))
iw,w (Inly,(a Inly: (iw,w(2))

( )

iww (Inry(a Inty (iv w(a)

)
)) =
)
)
)

@ Kasterovi¢, S., Ghilezan, S., Kripke semantics and completeness for full
simply typed lambda calculus, to appear in Journal of Logic and
Computation Volume 30, issue 8 (2020).
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Kripke lambda model

ICP = <IC7 /0>

e K is a Kripke applicative structure which is extensional and has
combinators

@ p - partial mapping, for x € V, w € W, if p(x, w) is defined, then
p(x,w) € Dy,

if p(x,w) € Dy, and w < W', then p(x, w') = iy, w (p(x, w)).

Kasterovi¢, Ghilezan Full Simply Typed Lambda Calculus LAP 2020 6/11



[M]} - meaning of the term M

o [xI) = p(x,w);

o [Ax.M]} = a unique element d € Dy, such that
(Vw' > w)(Va € Du') (Appu (iww (f), a) = [M]}(,.—))

o [MN]Z = Appw (IMIF, IN]):

o [m(M)]} = Projiw(IMIY):

o [maA(M)] = Proj2,w(IMIY):;

o [(M,N)] = a unique p € D, such that

Proj1.w(p) = [M];
Proj,w(p) = [N]}
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[M]} - meaning of the term M ...

o [ins(M)]} = Inlw (M)
° [[inz(M)]];" = /an([[M]]/‘;V);

o [case M of ini(x) = N | ina(y) = L]} = Appw(f,[M]}), where f
is a unique element of D, such that

(Yw' > w)(Va € D,/)(Vb € D)
AP (i (F), Il (a)) = [N] %y
Appw’(iw,w’(f)v Inry, (b)) = |[L]];V)V(/y::b)

o [()]¥ =1, a unique element of Aj,;

o [abort(M)]7 = Appw(Zw, [M]}).
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Satisfiability

w = M : o if and only if [M]} € A7,

Ky, =M :oifand only if w = M : o for all w.
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Satisfiability

w = M : o if and only if [M]} € A7,

Ky, =M :oifand only if w = M : o for all w.

Theorem (Soundness)
fr-M:o,thenl =M :o.
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Completeness v/

o We defined a canonical model K such that K" = M : o if and only if
r-m:o.

Completeness
fr'=M:0,then T M:o.
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