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e Logic of combinatory logic (LCL) - classical propositional logic over
simply typed combinatory logic
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Syntax

@ Logic of combinatory logic (LCL) - classical propositional logic over
simply typed combinatory logic
@ Syntax of simply typed combinatory logic

Terms: M,N :=x|S|K ||| MN

Types: 0,7 :=aloc— T

x:o€el
e o FrES:(c—=(p—71) = (0—p)—(c—71)
rN-K:o—(r—o) r=l:o—o

Fr=M:0c— 71 Fr'=N:o
= MN: T

(S J
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Syntax

e Logic of combinatory logic (LCL) - classical propositional logic over
simply typed combinatory logic
@ Syntax of simply typed combinatory logic

Terms: M,N :=x|S|K|Il| MN

Types: o,7:=a|o— T

Type assignment statement

M: o

a,B:=M:o|-alaAp
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Equational theory £Q

Equational theory £Q
M=M (id) SMNL = (ML)(NL) ~ (S)
KMN =M (K) IM=M (1)
M=N M=N N=1L
N=nm &™) mM=1 ()
M=N M=N
wMp=np PP e p (PP
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Equational theory £Q

Equational theory £Q
()

M=M (id)  SMNL=(ML)(NL)
KMN =M (K) IM=M (I)

M=N M=N_ N=L

N (Ym) M=L (trans)

M=N i M=N _
mp = np (3PP PM = PN (3PP

Mx =N FV(M)U FV(N
Rule: x X XM€:N( JUFV(N) (ext)
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Equational theory £Q

Equational theory £Q
()

M=M (id) SMNL = (ML)(NL)

KMN =M (K) IM=M (I)
M=N M=N_N=L
m(sym) V=1 (trans)
M=N ] M=N !

mp=np (PP PM =P (2PPT)

Mx =N FV(M)U FV(N
Rule: x X XM€:N( JUFV(N) (ext)

e Equational theory £Q + rule (ext) = Equational theory £Q".
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Axiomatization

@ Combination of the axiomatic system for classical propositional logic
and type assignment system for simply typed combinatory logic
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Axiomatization

@ Combination of the axiomatic system for classical propositional logic
and type assignment system for simply typed combinatory logic

@ Eight axiom schemes:

(Ax 1)
(Ax 2)
(Ax 3)
(Ax 4)
(Ax 5)
(Ax 6)
(Ax 7)
(Ax 8)

S:(c—=(tr—=p)—=(c—71)—=(0c—p))
Kio—(r—o0)

l:0 >0
M:0—=71)=(N:0)=(MN:T))
M:0= N:o,if M= N is provable in £Q"
a= (8= a)
(a=(B=7)=(a=p8)=(a=1))
(mma = 28) = ((-~a = B) = ~a)
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Axiomatization

@ Combination of the axiomatic system for classical propositional logic
and type assignment system for simply typed combinatory logic

@ Eight axiom schemes:

(Ax 1)
(Ax 2)
(Ax 3)
(Ax 4)
(Ax 5)
(Ax 6)
(Ax 7)
(Ax 8)

@ Inference rule:

S:(c—=(tr—=p)—=(c—71)—=(0c—p))
Kio—(r—o0)

l:0 >0
M:0—=71)=(N:0)=(MN:T))
M:0= N:o,if M= N is provable in £Q"
a= (8= a)
(a=(B=7)=(a=p8)=(a=1))
(mma = 28) = ((-~a = B) = ~a)

a= 0 «a

" (WP)
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Semantics

Applicative structure for LCL
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Semantics
Applicative structure for LCL

M = (D,{A%},,-,s,k,i)

D is a non-
empty set,
called domain
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Semantics
Applicative structure for LCL

M= (D,{A%},,-,s, ki)

{A%}, is a family
of sets indexed by o
such that A° C D
for all o, {A%}, is a

short for {A%}seTypes
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Semantics
Applicative structure for LCL

M= (D,{A%},,,s, ki)

- is a binary operation on D
D x D — D
It is extensional: for di,d> € D,
if (Ve € D)(dl e =d- e), then d; = d>.
It holds that - : A7 x A7 — AT
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Semantics
Applicative structure for LCL

M= (D,{A%},,-,s, ki)

~

s is an element of the domain D, such that

o for every o, 7, p € Types,

s € Ale=(m=p))=((0=7)=(0—0))

o for every d,e,f € D,

((s-d)-e)-f=(d-f)-(e-f)
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Semantics
Applicative structure for LCL

M= (D,{A%},,-,s,k,i)

k is an element of the domain D, such that

o for every o, 7 € Types,

k e Aa—>(7’—>0)

o for every d,e € D,

(k-d)-e=d
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Semantics
Applicative structure for LCL

M= (D,{A%},,-,s,k,i)

Vs

i is an element of the domain D, such that
o for every o € Types,

i c A0'~>0'

o for every d € D,
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Semantics
Applicative structure for LCL

M= (D,{A%},,-,s,k,i)

An environment p for M is a map from the set of term variables to the
domain of the applicative structure M, p: V — D.
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Semantics

Applicative structure for LCL

M= (D,{A%},,-,s,k,i)

An environment p for M is a map from the set of term variables to the
domain of the applicative structure M, p: V — D.

A LCL-model is a tuple M, = (M, p), where M is an applicative
structure and p is an environment for M.

[3 Kagterovi¢, S., Ghilezan, S., Kripke semantics and completeness for full
simply typed lambda calculus, Journal of Logic and Computation, Volume
30, issue 8 (2020).

@ Mitchell, J. C., and E. Moggi, Kripke-style models for typed lambda calculus,
Annals of Pure and Applied Logic, vol. 51, pp. 99-124, 1991.
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The interpretation of a term

o [xl, = p(x)
o [S], =s;

o [K], =k

o [, =1

o [MN], = [M], - [N],.

v

e M, =M : o if and only if [M], € A?;
e M, =aApgifand only if M, =« and M, = 6;
e M, |= —a if and only if it is not true that M, |= a.
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Soundness and completeness of equational theory £Q"

Soundness of £Q"

If M = N in provable in £Q7, then [M], = [N], for any LCL-model
M, = (M,p).
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Soundness and completeness of equational theory £Q"

Soundness of £Q"

If M = N in provable in £Q7, then [M], = [N], for any LCL-model
M, = (M,p).

Completeness of £Q"
If [M], = [N], in every LCL-model, then M = N is provable in £Q".
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Soundness and completeness of the axiomatiation for LCL
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Soundness and completeness of the axiomatiation for LCL

Soundness of Ax
If THa, then T = a.
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Soundness and completeness of the axiomatiation for LCL

Soundness of Ax
If THa, then T = a.

Completeness of Ax
If T = a, then T F .
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