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Conditions for pursuing research

Henk Barendregt, Radboud University, Nijmegen, The Netherlands

Some personal memories will be presented how these conditions were working
in my case. Important ones are: curiosity, relaxation, and concentration.
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On Kolmogorov–Gödel–type Interpretations of
Classical Logic

Branislav Boričić, Faculty of Economics, University of Belgrade, Serbia

Keywords:

classical logic, intuitionistic logic, superintuitionistic logics, interpretation.

A simple and immediate connection between the classical and the Heyting’s
logic was first given by the Glivenko’s Theorem [9]: for every propositional for-
mula A, A is classically provable iff ¬¬A is provable intuitionistically. This the-
orem does not hold for first–order predicate calculi, and D. M. Gabbay [7] proved
that the extension of Heyting’s first–order logic by the axiom¬(∀x¬¬A∧¬∀xA) is
the minimal superintuitionistic logic for which Glivenko’s theorem holds. Glivenko’s
Theorem can be understood as a possible way of intuitionistic interpretation of the
classical reasoning. Let us define the next two interpretations. The first one, here
denoted by k, was described by A. N. Kolmogorov [12], and the second inter-
pretation, denoted by g, was introduced by K. Gödel [10]. These interpretations,
k, g : For → For, are defined inductively as follows:

k(A) = ¬¬A, if A is an atom
k(¬A) = ¬¬¬k(A)
k(A ◦B) = ¬¬(k(A) ◦ k(B)), if ◦ is ∧, ∨ or→

and
g(A) = ¬¬A, if A is an atom
g(¬A) = ¬g(A)
g(A ◦B) = g(A) ◦ g(B), if ◦ is ∧ or→
g(A ∨B) = ¬(¬g(A) ∧ ¬g(B))

where the set of all propositional formulae is denoted by For. We note that the
original interpretation g defined by Gödel had the clause g(A → B) = ¬(g(A) ∧
¬g(B)) and that the version presented above was redefined by Gentzen in [8].
These mappings may be extended on the first–order language in a quite natural
way:

k(∀xA) = ¬¬∀xA
k(∃xA) = ¬¬∃xk(A)

and
g(∀xA) = ∀xA
g(∃xA) = ¬∀x¬g(A)
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Some of their variations were considered by B. Boričić [3], [5] and [6], in con-
nection with the first–order superintuitionistic logics characterized by the axioms
M : ¬A ∨ ¬¬A and E : ¬¬∃x¬A → ∃x¬A. Let us denote by HM , HE and
HME the extensions of the Heyting first–order predicate calculus H by the above
axiom–schemata. If bME , bm, bE , g : For → For are the interpretations defined
as the Gödel’s one g, except the cases with disjunction and existential quantifier, as
follows:

bME(R) = ¬¬R (if R is an atomic formula)

bME(A ? B) = bME(A) ? bME(B) (where ? is ∧, ∨ or→)

bME(¬A) = ¬bME(A)

bME(QxA) = QxbME(A) (where Q is ∀ or ∃)

bM is same as bME , with the only difference that:

bM (∃xA) = ¬∀x¬bM (A)

bE is same as bME , with the only difference that:

bE(A ∨B) = ¬(¬bE(A) ∧ bE(B))

b is same as bME , with the only difference that:

g(∃xA) = ¬∀x¬g(A)

and
g(A ∨B) = ¬(¬g(A) ∧ g(B))

Embedding of the implicative fragment of classical logic into the implicative
fragment of the Heyting’s logic was considered by J. P. Seldin [14], B. Boričić [1]
and L. C. Pereira, E. H. Haeusler, V. G. Costa, W. Sanz [13]. Seldin’s interpretation
essentially depends on the presence of conjunction, but another two are obtained
in the pure language of implication. Here we define, in spirit of Kolmogorov’s
interpretation, a mapping of the pure implicational propositional language enabling
to prove the corresponding result.

Let p1, . . . , pn be a list of all propositional letters occurring in formula A→ B
and q any propositional letter not occurring in A→ B. Then the image b(A→ B)
of A→ B is defined inductively as follows:

b(p) = (p→ q)→ q, for each p ∈ {p1, . . . , pn}
b(A→ B) = b(A)→ b(B)

Namely, b(A → B) is obtained by replacing each occurrence of a propositional
letter p in A→ B by (p→ q)→ q, where q is a new letter.

Let us also note that this embedding can be considered a rough combination of
Kolmogorov’s, Gödel’s and Johansson’s translations (see [10], [11] and [12]).

6



Embedding Lemma 1. For every first–order formula A, A is provable in
classical logic iff

(a) k(A) is provable in Heyting logic;
(b) g(A) is provable in Heyting logic;
(c) bME(A) is provable in HME;
(d) bE(A) is provable in HE;
(e) bM (A) is provable in HM .

Theorem. The minimal superintuitionistic predicate logic in which the classi-
cal logic is embedable by bX is HX , where X stands for M , E or ME.

Embedding Lemma 2. For every propositional implicational formula A, A is
provable in classical logic iff b(A) is provable in Heyting logic.

The above statements present a sublimation of some results contained in papers
[1], [2], [3], [5] and [6] dealing with relationships of classical logic with superin-
tuitionistic logics.
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A calculus of sequents with probability

Marija Boričić, Faculty of Organizational Sciences, University of Belgrade

Keywords:

sequent calculus, probability, models

Gentzen’s approach to deductive systems (see [5] and [13]), and Carnap’s and
Popper’s treatment of probability in logic (see [3], [7], [8] and [9]), were two fruit-
ful ideas of logic in the mid–twentieth century. By combining these two concepts,
the notion of sentence probability, and the deduction relation formalized in the se-
quent calculus, we introduce the notion of ’probabilized sequent’ Γ `ba ∆ with the
intended meaning that "the probability of truthfulness of Γ ` ∆ is into the interval
[a, b] ∩ I’, where I is a finite subset of reals [0, 1]". The usual approach to treating
the probability of a sentence leads to a kind of polymodal logic with iterated (or
not iterated) probability operators over formulae (see [10], [11] and [12]). On the
other hand, there were some papers dealing with probabilistic form of inference
rules (see [1], [2], [3], [6] and [14]). Roughly, our system LKprob of classical
propositional sequents with probability is defined as follows. Sequents in LKprob
are of the form Γ `ba ∆, meaning that ’the probability of provability of Γ ` ∆ be-
longs to the interval [a, b]∩ I’, where I is a finite subset of reals [0, 1]. The axioms
of LKprob are the following sequents: Γ `1

0 ∆, `0, A `1 A, for any words Γ
and ∆, and any formula A. We also present structural and logical inference rules
of LKprob. The system LKprob, an extension of Gentzen’s sequent calculus for
classical propositional logic (see [5] and [13]), is sound and complete with respect
to a kind of Carnap–Popper–Leblanc–type probability logic semantics (see [3], [7],
[8] and [9]).

Let Seq be the set of all sequents of the form Γ ` ∆. A model for LKprob is
any mapping p : Seq→ [0, 1] satisfying:

(i) p(A ` A) = 1, for any formula A;
(ii) if p(AB `) = 1, then p(` AB) = p(` A) + p(` B), for any formulas A

and B;
(iii) if sequents Γ ` ∆ and Π ` Λ are equivalent in LK, in sense that there are

proofs for both sequents
∧

Γ →
∨

∆ `
∧

Π →
∨

Λ and
∧

Π →
∨

Λ `
∧

Γ →∨
∆ in LK, then p(Γ ` ∆) = p(Π ` Λ).

The satisfiability relation in a model for the probabilized sequents is defined by
clause:

|=p Γ `ba ∆ iff a ≤ p(Γ ` ∆) ≤ b.
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We say that a theory LKprob(σ1, . . . , σn) is inconsistent if there are two se-
quents Γ `ba ∆ and Γ `dc ∆ both provable in LKprob(σ1, . . . , σn) such that [a, b]∩
[c, d] = ∅; otherwise, LKprob(σ1, . . . , σn) is consistent. By LKprob(σ1, . . . , σn)
we denote an extension of LKprob by sequents σ1, . . . , σn. We cite some propo-
sitions concerning necessary and sufficient conditions for consistency.

The soundness is proved. Also, we prove that each consistent theory can be
extended to a maximal consistent theory and we describe the canonical model,
which leads us to the proof of the completeness theorem.

The sequent calculus LKprob can be also observed as a program which input
data are, besides the three axioms of the system, the additional "axioms" σ1, . . . , σn,
with output a theory LKprob(σ1, . . . , σn). The next step is to build up a subsys-
tem of LKprob in Suppes style, namely a system concerning sequents with high
probabilities.
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puter Science, Zbornik radova 12 (20), Z. Ognjanović (ed.), Mathematical In-
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Sequential algorithms (old and new)

Pierre-Louis Curien, CNRS, Univ. Paris Diderot, and INRIA

Keywords:

sequentiality, primitive recursion, bar recursion.

This talk will offer both a reminder on Berry and Curien’s sequential algo-
rithms (37 years old) and their various equivalent presentations (as programs, as
configurations of a cds, as abstract pairs (function, computation strategy), as obser-
vationally sequential functions, as bistable functions (Laird)), and some discussion
of interesting examples: primitive recursive functions, bar recursion, where they
can play a structuring and computational role. In particular, we shall give a new
proof of Colson’s ultimate obstinacy theorem and show a conjecture that it might
extend to the whole of Gödel’s system T. To give an idea of what this relatively con-
fidential theorem is about, let me just mention here that a consequence of Colson’s
result is that one can prove that there is no primitive recursive way of programming
the min of two natural numbers by decreasing the two arguments althernatively by
one until one of them gets 0.

Acknowledgements

Thanks to René David, whose proof of ultimate obstinacy inspired me for the
present one.
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Galois Connections in Clone Theory

Jelena Čolić Oravec, University of Novi Sad, Serbia

Keywords:

Galois connection, clone, hyperclone, maximal hyperclones

Galois connections appear in various areas of mathematics and computer sci-
ence, since they are extremely useful in relating distinct mathematical objects,
while being fairly easy to construct. For arbitrary non-empty sets A and B, and
a relation R ⊆ A × B we can define mappings

−→
R : P(A) → P(B) and

←−
R :

P(B)→ P(A) by

−→
R (X) = {y ∈ B : (∀x ∈ X) (x, y) ∈ R}, X ⊆ A,
←−
R (Y ) = {x ∈ A : (∀y ∈ Y ) (x, y) ∈ R}, Y ⊆ B.

Then the pair (
−→
R,
←−
R ) is a Galois connection between sets A and B.

One Galois connection plays a crucial role in clone theory. Although clones
are usually considered to be composition closed sets of operations that include all
projections, an alternative approach is to define them as the sets of all operations
that preserve all the relations from a given set, which is a consequence of a well-
known Galois connection (Pol, Inv). This approach proved to be extremely useful
in describing the clone lattice, especially its coatoms, which are called maximal
clones. Namely, I. G. Rosenberg (1970) proved that the clone is maximal if and
only if it is of the form Polρ,where ρ is a relation belonging to one of the following
classes:

(R1) bounded partial orders;

(R2) prime permutations;

(R3) prime-affine relations;

(R4) non-trivial equivalence relations;

(R5) central relations;

(R6) h-regular relations.

This theorem is considered to be one of the most significant contributions in clone
theory.
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An n-ary hyperoperation on a set A is a mapping that assigns to every n-tuple
of elements from A a non-empty subset of A. Hence there is more than one possi-
bility to expand the notion of preservation between operations and relations to that
between hyperoperations and relations. In particular, an `-ary relation ρ on a set A
may be extended to the relation on the power set of A in several different ways:

ρd = {(A1, . . . , A`) : A1 × . . .×A` ⊆ ρ},

ρm = {(A1, . . . , A`) : (∀ i ∈ {1, . . . , `}) (∀ a ∈ Ai)
(∃a ∈ (A1 × · · · ×A`) ∩ ρ) e`,Ai (a) = a},

ρh = {(A1, . . . , A`) : (A1 × · · · ×A`) ∩ ρ 6= ∅}.

Each of these extensions yields a Galois connection between hyperoperations and
relations. The first one, denoted by (dPol, dInv), was independently studied by
F. Börner and B. A. Romov, the second one, denoted by (mPol,mInv), is due
to T. Drescher and R. Pöschel and the third one, denoted by (hPol, hInv), was
introduced by I. G. Rosenberg, and also studied by H. Machida and J. Pantović.
We used this last Galois connection in order to describe four classes of maximal
hyperclones, determined by Rosenberg’s relations from (R1),(R4),(R5) and (R6).

This is a joint work with Jovanka Pantović and Hajime Machida.
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On Compensation Primitives as Adaptable
Processes

Jovana Dedeić, University of Novi Sad, Serbia
Jovanka Pantović, University of Novi Sad, Serbia

Jorge A. Pérez, University of Groningen, The Netherlands

Keywords:

Process calculi, long running transactions, compensations, adaptation, encodings

Modern business applications support long running transactions (LRTs). Usu-
ally, LRTs are interactive and cannot be check-pointed, therefore cannot be based
on locking. Instead, they use compensations: activities programmed to recover
the partial execution of transactions. In case of error notification, a compensation
execution is launched in order to take the system back to a consistent state. The
emergence of paradigms such as service-oriented computing motivated the pro-
posal of different formalisms with compensation handling primitives; see, e.g., [5].

On a related but different vein, a calculus of adaptable processes has been put
forward [2] as a process calculus approach to describe dynamic evolution of com-
municating, concurrent systems. A calculus of adaptable processes is represented
as a variant of CCS [3] where rules for restriction and relabelling are omitted and
extended with a located process (denoted l[P ]) and a dynamic update (denoted
l{(X).Q}). Adaptable processes have locations and are sensitive to actions of dy-
namic update at runtime. This behaviour allows adaptable processes to express a
wide range of evolvability patterns for concurrent processes. Located processes
can be updated and relocated at runtime.

Our starting point for a language with compensations is the calculus investi-
gated in [1]. The calculus of compensable processes is a variant of the π-calculus
[4], extended with primitives for static and dynamic recovery processes. Static
recovery is created by adding constructs for transaction scopes (denoted t[P,Q])
and protected block (denoted 〈Q〉) in standard π-calculus; dynamic recovery pro-
cesses are static recovery processes extended with compensation updates (denoted
instbλX.Rc.P ).
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In concurrency theory, and in process calculi, a relevant topic is the identi-
fication of a uniform way to formally compare different languages from expres-
siveness point of view. We compare, in the sense of encoding, expressive power
of compensable and adaptable processes. We define an encoding of compensable
processes into adaptable processes. Essentially, the encoding needs to reflect and
preserve as many semantic properties as possible (the decidability of properties, no-
tions of equivalence, existence of matching transitions according to the operational
semantics etc.). In compensable processes we differ three semantics: aborting,
preserving and discarding. We consider encoding with respect to static and dy-
namic compensations. Therefore, for each semantics two categories of encodings
are introduced. As such, we offer six different encodings into adaptable processes,
each one equipped with appropriate operational correspondence results.

We provided correct encodings of processes with static and dynamic compen-
sation into adaptable processes. More precisely, we proved that transitions intro-
duced in the compensation calculus match reductions in the calculus of adaptable
processes, and vice versa. The following two theorems are the main theorems of
the paper, which provide correctness of encoding.

Theorem 1. Let P be a compensable process. If P τ−→ P ′ then JP Kρ →∗ JP ′Kρ,
for any path ρ.

Theorem 2. Let P be a compensable process. If JP Kρ → Q, for some ρ, then
there is P ′ such that P τ−→ P ′ and Q→∗ JP ′Kρ.

In future work, we aim to extend our study to consider variants of adaptable and
compensable processes with session types, exploiting already developed extensions
of adaptable processes with session types [6, 7].
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Keywords:
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Mathematical logic is a fundamental area both of mathematics and computer
science, being at the frontier between them, which encompasses complex mathe-
matical reasoning about its objects of study and provides rigorous tools for concrete
realization.

This edition of Collection of articles, Zbornik radova Matematičkog instituta
SANU [2] brings together researchers from different topics of mathematical logic
with focus on applications to computer science. It is complementary to the issue
Collection of articles, Zbornik radova 12(20), 2009, [1], edited by Zoran Ogn-
janović and presents novel research in the area. The articles are meant to a wide
mathematical audience from doctoral students and early stage researchers to spe-
cialist in the fields. Each of the articles gives an introductory overview of the topics,
develops the obtained results, points to open problems and further work and gives
a comprehensive bibliography of the related work.

This collection comprises six articles that range through different topics of cat-
egory proof theory, first-order probabilistic logics, clones and hyper-clones, com-
putational interpretations of logics, switching theory and logical design, and inter-
active theorem proving.

• Zoran Petrić (Mathematical Institute SANU).

- 270 Minutes on Categorial Proof Theory.

• Nebojša Ikodinović (Faculty of Mathematics, University of Belgrade), Zo-
ran Ognjanović, Miodrag Rasković, Zoran Marković (Mathematical Institute
SANU).

- First-order Probabilistic Logics and their Applications.

• Silvia Ghilezan, Jelena Ivetić (Faculty of Technical Sciences, University of
Novi Sad), Silvia Likavec, Pierre Lescanne, (École normale supérieure de
Lyon, France).
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- Structural Rules and Resource Control in Logic and Computation.

• Jelena Čolić-Oravec, Jovanka Pantović (Faculty of Technical Sciences, Uni-
versity of Novi Sad), Hajime Machida (International Christian University,
Tokyo, Japan), Gradimir Vojvodić (University of Novi Sad).

- From Clones to Hyper-Clones.

• Radomir S. Stanković (Faculty of Electronic Engineering, University of Niš),
Jaakko Astola (Tampere University of Technology, Tampere, Finland), Clau-
dio Moraga (European Center for Soft Computing, Mieres, Spain).

- Pascal Matrices, Reed-Muller Expressions and Reed-Muller Error Cor-
recting Codes.

• Filip Marić (Faculty of Mathematics, University of Belgrade).

- A Survey of Interactive Theorem Proving.

The authors from Serbia are involved in three national projects of the Min-
istry of Education, Science and Technological Development of Serbia in the pe-
riod 2011-2015 and the articles present overviews of results obtained within these
projects: “Representations of logical structures and formal languages and their ap-
plication in computing”, 174026, “Development of new information and commu-
nication technologies, based on advanced mathematical methods, with applications
in medicine, telecommunications, power systems, protection of national heritage
and education”, 44006, and “Automated Reasoning and Data Mining”, 174021.

The articles are internationally co-authored, which provides a wide interna-
tional framework and increases the prominence of the presented work.
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Abstract

The size of a lambda term’s type assignment is traditionally interpreted as the num-
ber of involved typing rules, since that interpretation corresponds to the complexity
of underlying logical proof. However, it can be also assessed using some finer-
grained measures such as the number of involved type declarations, or even as the
sum of the sizes of all types in involved type declarations. These quantitative prop-
erties of type assignments are relevant for implementation issues, e.g. for compiler
construction.

We propose a type assignment method that relies on the translation of a ty-
peable lambda term to the corresponding term of the resource control lambda cal-
culus. This calculus, introduced by Ghilezan et al. in [1], contains operators for
variable duplication and erasing, and linear substitution, whereas its typed version
corresponds to intuitionistic logic with explicit structural rules of contraction and
thinning.

We prove that the translation preserves the type of a term, and that all output
resource control lambda terms are in their γω-normal forms, meaning that resource
control operators are put in optimal positions considering the size of type assign-
ments. The translation output of a given lambda term is often syntactically more
complex and therefore more rules need to be used for its type assignment in the
target resource control calculus. However, we show that two finer grained mea-
sures decrease when types are assigned to terms satisfying a certain minimal level
of complexity.
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This paper is a part of a larger work which explores the proof-theoretic prop-
erties of the Quantified Argument Calculus (Quarc). Here we focus on the more
formal and technical results concerning the system. Quarc, in its formal presenta-
tion used here, was developed by Hanoch Ben-Yami in [2]. Quarc is a quantified
logic system distinct from the standard Predicate Calculus, most notably, in allow-
ing both the singular and the quantified expressions in the argument position of
a predicate. Moreover, it models some ubiquitous features of a natural language,
like anaphors and reordered predicates in its base language. It also includes a rule
for instantiation, which allows the derivation of particular from a corresponding
universal statement. The focus here will be specifically on what we label QuarcB ,
or base Quarc, which does not contain the rules for identity or instantiation.

In the first section of the paper, after presenting QuarcB , we develop LK-
QuarcB , a sequent-calculus representation of QuarcB . We then demonstrate the
deductive equivalence of the two, which will also serve to demonstrate the com-
pleteness of the system, given [3]. In the second section we then prove the Cut
elimination theorem fo LK-QuarcB . The proof is adapted from [1] and focuses
mostly on the specifics of Quarc. From the Cut elimination theorem the Subfor-
mula property immediately follows. In the third section of the paper, we employ
the Cut elimination theorem to demonstrate that instantiation is not derivable in
LK-QuarcB , and thus likewise in QuarcB .

In the final section of the paper we indicate some implications of Quarc and the
proof-theoretic properties of LK-QuarcB , as well as discuss how this formal paper
fits into the broader body of work.
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Miodrag Rašković, Mathematical Institute SANU, Belgrade, Serbia
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In our talk we will briefly describe a first-order probabilistic logic, denoted
LP,I
ωω and obtained by extending classical first-order logic with a list of Keisler-style

(binary) conditional probability quantifiers of the form: (CP~x 6 r), (CP~x > r)
and (CP~x ≈ r). The intended meaning of (CP~x 6 r)(α | β) is that the probability
of the set of tuples ~x satisfying α ∧ β divided by the probability of the set of
tuples satisfying β is at most r. The corresponding semantics consists of a classical
first-order structure A = (A, · · · ) with addition of Fn - a field of subsets of An,
and µn - a probability measure on Fn, for each n = 1, 2, . . .. Furthermore, the
probability measures is required to have, as the range, the unit interval I of some
recursive non-archimedean field containing all rational numbers (e.g., Hardy field
Q(ε), where ε is an infinitesimal). Thanks to this, the meaning of, e.g., (CP~x ≈
1)(α | β) is roughly: the probabilities of {x : α(x)}∩{x : β(x)} and {x : β(x)}
are infinitesimally close (i.e., almost the same). A formal system consisting of
axioms and rules of inference (two of them are infinitary, i.e. have countably many
premisses and one consequence), is provided and proved (in our recent work [2]) to
be sound and strongly complete with respect to the proposed semantics. It should
be noted that the system is finitary in the sense that all formulas are finite strings of
symbols; only the proofs may be infinite. The infinitary rules are applied to infinite
sets of formulas, not to infinite formulas of Lω1ω.

We will also present two LP,I
ωω-fragments which are decidable. The first frag-

ment consists of Boolean combinations of sentences of the form (CP~x � r)(α(~x) |
β(~x)), where � ∈ {6,>,≈} and α(~x) and β(~x) are classical formulas (with-
out function symbols and equality sign) with at most four classical quantifiers, but
only one alteration (i.e., the quantifier prefix is at most ∃∃∀∀ or ∀∀∃∃). The second
fragment is similar except that now formulas α and β may contain equality sign
(and one unary function symbol), but the quantifier prefix is restricted to ∀∃ or ∃∀.
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These fragments are based on well-known decidable classes [∃∗∀2∃∗, all] (Gödel)
and [∃∗∀∃∗, all, (1)]= (Shelah).

The central part of the talk will be devoted to possible applications of our logic.
In particular, we will focus how LP,I

ωω can be used to model default reasoning and
analyse some properties of the corresponding consequence relation. It turns out
that System P (which occupies a central position in the hierarchy of nonmonotonic
systems, [4]) can be represented in LP,I

ωω , where the quantifier (CP~x ≈ 1) plays
a crucial role. Finally, we will discuss the possibility of representing some other
formal systems in LP,I

ωω-framework.
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The first sequent calculi for positive relevant logics were formulated by Dunn
and Minc in [4] and [6]. In those calculi, the cut rule has the following form:

Π ` ϕ Γ[ϕ] ` γ

Γ[Π] ` γ
(cut)

where Γ[Π] is the result of replacing arbitrarily many occurrences of ϕ in Γ[ϕ]
by Π if Π is non–empty, and otherwise by ′t′. The constant truth ′t′ is needed to
disable the inference of the modal fallacy ` α→ (β → β). Really, without ′t′, we
would have:

` β → β

β → β ` β → β

α, β → β ` β → β
(extensional thinning)

α ` β → β

` α→ (β → β)
(→ r)

(cut)

However, with ′t′, the admissibility of modus ponens:

` α α ` β

` β

cannot be proved. This is the is reason why, once Cut–elimination is established,
the occurrences of ′t′ need to be eliminated.

We propose another formulation of the cut rule, for positive relevant logics with
permutation, where the constant ′t′ is not needed. Our cut rule is of the following
forms:

Π ` ϕ Γ[ϕ] ` γ
Γ[Π] ` γ

(cut−i)

` ϕ Γ[ϕ; Π] ` γ
Γ[Π] ` γ

(cut−ii)

` ϕ ϕ ` γ
` γ

(cut−iii)
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where Π is non–empty. In (cut-i), Γ[Π] is the result of replacing exactly one occur-
rence of ϕ in Γ[ϕ] by Π, in (cut-ii) the single occurrence of ϕ in Γ[ϕ; Π] is replaced
by an empty multiset and similarly in (cut-iii).

The various versions of our cut rule, ensure that the modal fallacy remains
unprovable. Furthermore, they are enough for the proof of the equivalence between
Hilbert–style formulation and the corresponding sequent calculus (e.g., this form
of cut is used in the the sequent calculus formulation for the positive contraction–
less relevant logic RW ◦+, in [5]). However, it should be mentioned that the use of
′t′ remains crucial in sequent calculus for TW+ and in sequent calculi for other
weaker, permutation–less, relevance logics such as B+, E+ and even T→ (there is
a sequent calculus for T→ without ′t′ in [2], however the one with ′t′ is much easier
to use), where ′t′ precludes intensional structures from becoming scrambled, see
e.g. [3].
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Hilbert’s Program had as the goal to interpret all ideal principles used in math-
ematical proofs by elementary notions. While Gödel’s Incompleteness theorems
showed that those notions cannot be finitistic, Gödel’s own work on the Dialec-
tica interepretation also showed a way forward: to interpret proofs of classical
Arithmetic it suffices to enrich the interpreting language by computation based on
primitive recursive functionals in higher types (System T).

Far from being buried by incompleteness phenomena, we can today admire
the achievements of the modified Hilbert Program in Algebra (ex. [1]) or Analysis
(ex. [2]). The notions of computation that are needed for interpreting classical
Analysis, i.e. classical Arithmetic plus the Axiom of Choice, are nevertheless a
priori non-trivial extensions of System T. There are two existing approaches. The
classic one, that goes back to Kreisel and Spector’s extension of T with the schema
of bar recursion [3], and the newer one using computational side-effects from the
theory of programming languages (ex. [4]). In this talk, I will briefly survey the
two approaches, and then present my own one [5, 6, 7]; this work merges the
two existing approaches since it shows that the interpreting language for classical
Analysis needs not contain computation schema beyond System T itself.
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Many security protocols rely on the assumptions on the physical properties in
which its protocol sessions will be carried out. For instance, Distance Bounding
Protocols take into account the round trip time of messages and the transmission
velocity to infer an upper bound of the distance between two agents. We clas-
sify such security protocols as Cyber-Physical. Time plays a key role in design
and analysis of many of these protocols. This paper investigates the foundational
differences and the impacts on the analysis when using models with discrete time
and models with dense time. We show that there are attacks that can be found
by models using dense time, but not when using discrete time. We illustrate this
with a novel attack that can be carried out on most distance bounding protocols.
In this attack, one exploits the execution delay of instructions during one clock cy-
cle to convince a verifier that he is in a location different from his actual position.
We propose a Multiset Rewriting model with dense time suitable for specifying
cyber-physical security protocols. We introduce Circle-Configurations and show
that they can be used to symbolically solve the reachability problem for our model.
Finally, we show that for the important class of balanced theories the reachability
problem is PSPACE-complete.
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Activities such as clinical investigations or financial processes are subject to
regulations to ensure quality of results and avoid negative consequences. Regula-
tions may be imposed by multiple governmental agencies as well as by institutional
policies and protocols. Due to the complexity of both regulations and activities
there is great potential for violation due to human error, misunderstanding, or even
intent. Executable formal models of regulations, protocols, and activities can form
the foundation for automated assistants to aid planning, monitoring, and compli-
ance checking. We propose a model based on multiset rewriting where time is
discrete and is specified by timestamps attached to facts. Actions, as well as initial,
goal and critical states may be constrained by means of relative time constraints.
Moreover, actions may have non-deterministic effects, i.e., they may have different
outcomes whenever applied. We present a formal semantics of our model based
on focused proofs of linear logic with definitions. We also determine the com-
putational complexity of various planning problems. Plan compliance problem,
for example, is the problem of finding a plan that leads from an initial state to a
desired goal state without reaching any undesired critical state. We consider all
actions to be balanced, i.e., their pre and post-conditions have the same number of
facts. Under this assumption on actions, we show that the plan compliance prob-
lem is PSPACE-complete when all actions have only deterministic effects and is
EXPTIME-complete when actions may have non-deterministic effects. Finally, we
show that the restrictions on the form of actions and time constraints taken in the
specification of our model are necessary for decidability of the planning problems.
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Traditional modal epistemic logic uses formulas of the form 2α to express that
an agent believes α. The language of justification logic [1, 2] ‘unfolds’ the 2-
modality into a family of so-called justification terms, which are used to represent
evidence for the agent’s belief. Hence, instead of 2α, justification logic includes
formulas of the form t : α meaning “the agent believes α for reason t”. The term
t could represent some informal justification or even a mathematical proof for α.
Of course, not all justifications for belief are equal. For example we may believe
α because some friend of ours has heard about α or because we read about α in
the New York Times. It is natural that we cannot put the same credence in both
justifications for α. We can reflect this differentiation in credulity by adding to our
language an operator that expresses the degree r for which a piece of evidence t
can serve as a justification for α, in our notation P≥r(t : α).

In my talk I am going to introduce the probabilistic justification logics PJ and
PPJ, two logics in which we can reason about the probability of justification state-
ments. I will present their syntax and semantics, prove strong completeness theo-
rems and establish their decidability. In the case of logic PJ I am going to establish
upper and lower complexity bounds.

The logic PJ is designed as the probabilistic logic LPP2 [7]. PJ [4] is a a
probabilistic logic over the basic justification logic J, that makes it possible to
adequately model different degrees of justification. We consider a language that
features formulas of the form P≥sα to express that the justification logic formula
α has probability equal to or greater than the rational number s. It is important
to note that there is an unpleasant consequence of a finitary axiomatization (i.e.
an axiomatization where the proofs are always finite) in such a language: there
exist consistent sets that are not satisfiable. This results from the inherent non-
compactness of such systems. Consider for example the set X =

{
¬P=0α

}
∪{

P<1/nα | n ∈ N
}

. Although it is obvious that X cannot be satisfied, in a finitaty
axiomatization it would be consistent: it is impossible to derive falsity from X
since every proof from X would contain only a finite number of X’s elements.
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However, if proofs are allowed to be infinite, we can define an axiomatization in
which X would not be consistent. Hence, our axiomatization of PJ should have an
infinitary rule, i.e. a rule that has countably infinite premises and one conclusion.

Our semantics consists of a set of possible worlds, each a model of justification
logic and a probability measure µ(·) on sets of possible worlds. As a model for
justification logic we use the so-called basic modular models. We assign a proba-
bility to a formula α of justification logic as follows: we first determine the set [α]
of possible worlds that satisfy α. Then we obtain the probability of α as µ([α]),
i.e. by applying the measure function to the set [α]. Hence our logic relies on the
usual model of probability.

Soundness of our infinitary rule follows from the archimidean property of the
real numbers. Strong completeness is established by a canonical model construc-
tion.

It is known that the satisfiability problem for the justification logic J belongs to
the second level of the polynomial hierarchy [6]. By using some techniques from
linear programming we can prove that the satisfiability problem for the logic PJ
belongs to the same complexity class [3], i.e. adding probability operators to the
language of justification logic J does not increase the complexity of the logic.

The logic PPJ is designed as the probabilistic logic LPP1 [7]. PPJ [5] is a
probabilistic justification logic that allows iterations of the probability operator as
well justification operators over probability operators. The axioms of PPJ consist
of the axioms of the logic PJ augmented with the axioms of J. The semantics of
PPJ is similar to the semantics of PJ. Strong completeness for PPJ is obtained
by modifying the completeness proof for PJ. We can establish decidability for
the logic PPJ by extending the decidability proof for the logic J. Observe that
this extension is not trivial due to the presence of formulas of the form t : P≥sα.
However the problem of establishing complexity bounds for the logic PPJ remains
open. Another interesting direction for further research is the addition of statistical
evidence to our language. For example if the conditional probability of α given β
is 0.1 it makes sense to consider β, or better a justification term obtained from β,
as a justification for α with probability 0.1.

This a joint work with Petar Maksimović, Zoran Ognjanović and Thomas Studer.
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We conduct a survey of local inference rules and their relation to simple proof
search in corresponding logical calculus. Our interest in local inference rules is
motivated by analytic proof procedures, where proofs are assembled from analytic
parts. Proof search is divided in two phases – analysis and synthesis.

We start with a calculus MK – a calculus of natural deductions for classical
logic that is based on multiple conclusion inference rules. MK has local inference
rules in propositional case, and as-local-as-possible in first order case. Proof search
in MK is analytic and actually nothing but a notational variant of Beth’s tableau
method (details in [3]). Inference rules of first order MK have local appearance, but
some these inference rules come with global restrictions which complicate proof
assembly. In first order MK these complications are avoided in analysis, leaving
synthesis simple (identical to propositional case).

Our approach in modifications to calculus is:

(1) to modify/adapt inference rules of logical calculus to be as local as possible (to
at least appear local)

(2) to circumvent complications with careful analytic phase.

In this work we survey how to extend this approach to minimal, intuitionistic
and modal logics.
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Boolean functions are mappings {0, 1}n :→ {0, 1}, where 0 and 1 can be
interpreted as false and true constant, n is a positive integer. It is well known
that each Boolean function f(x1, . . . , xn) with n variables can be presented in its
algebraic normal form (ANF)

f(x1, . . . , xn) = a0 +
∑

I⊂{1,2,...,n}

aIx
I ,

where a0, aI ∈ {0, 1}, xk1,k2,...,kp = xk1xk2 . . . xkp . Here xy means conjunction,
while x+ y means exclusive disjunction, i.e., XOR function.

If (G, ∗) is a groupoid of order 2n, then the operation ∗ can be interpreted as a
vector valued Boolean function ∗v.v. : {0, 1}2n :→ {0, 1}n. By using the function
∗v.v. we can characterize different properties of the groupoid. Interesting results
are obtained when the groupoid is a group, a loop, a quasigroup.
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1 Introduction and Preliminaries

We consider effect of a channel with random bits injection regarding security of
certain encryption approaches. The work has been motivated by a number encryp-
tion approaches including the ones reported in [3], [4] and [5]. We point out that the
encryption based on employing the binary insertion channel

[
Xn→Y (n)

]
provides

enhanced security compared to the basic scheme that outputs only Xn.
A definition of security consists of two distinct components: a specification of

the assumed power of the adversary, and a description of what constitutes a “break”
of the scheme. Generally speaking, a cryptographic scheme is secure in a compu-
tational sense, if for every probabilistic polynomial-time adversary A carrying out
an attack of some specified type, and for every polynomial p(n), there exists an
integer N such that the probability thatA succeeds in this attack (where success is
also well-defined) is less than 1

p(n) for every n > N . Accordingly, the following
two definitions specify a security evaluation scenario and a security statement.
Definition 1: The Adversarial Indistinguishability Experiment. consists of the
following steps:

1. The adversary A chooses a pair of messages (0; 1) of the same length n, and
passes them on to the encryption system for encrypting.

2. A bit b ∈ {0,1} is chosen uniformly at random, and only one the two mes-
sages (0; 1), precisely b, is encrypted into ciphertext Enc(b) and returned to
A;

3. Upon observing Enc(b), and without knowledge of b, the adversary A out-
puts a bit b0;
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4. The experiment output is defined to be 1 if b0 = b, and 0 otherwise; if the
experiment output is 1, denoted shortly as the event (A→1), we say that A
has succeeded.

Definition 2. An encryption scheme provides indistinguishable encryptions in the
presence of an eavesdropper, if for all probabilistic polynomial-time adversariesA

Pr[A → 1|Enc(b)] ≤
1

2
+ ε , (1)

where ε = negl(n) is a negligibly small function.
Definitions 1 and 2 are more precisely discussed in [2].

2 Evaluation of the Security Gain

Our goal is to estimate the advantage of A in the indistinguishability game in Def-
inition 1 when = Enc(b) is a particular realization of Y (n). Thereby, we assume
that the advantage of A equals 1

2 + ε when 0 and 1 are two chosen realizations of
Mn and the corresponding realization of Xn is known.
Theorem: Let the encrypted mapping of Mn into Xn be such that 1

2+ε equals the
advantage of the adversary A (specified by Definition 2) to win the indistinguisha-
bility game (specified by Definition 1), and let the mutual information Iiud(X;Y )
be known. Under these assumptions, for large n,

Pr[A → 1|Y (n) = ] =
1

2
+ ε · δ, where

δ < Iiud (X;Y ) +
log2

[
8πe·i·n
(1−i)2

]
2n

+O
(
n−2

)
.

Proof: Let the index b of the selected message be a realization of the random
variable B. The probability that the adversary wins the game equals Pr[A →
1|Y (n) =]=Pr(B=b|Y (n) =), which we further manipulate as follows1

Pr[A→1|] = Pr(b|) =
Pr(b, )

Pr()
=

∑
Pr(b, , )

Pr()

=

∑
Pr(b|, )Pr(, )

Pr()
=

∑
Pr(b|)Pr(, )

Pr()
. (2)

According to the proposition’s assumption we have

Pr(b|b) =
1

2
+ ε ,

1When no confusion arises, in order to simplify the notation, we drop the random variable nota-
tion when denoting probabilities. For example, we write Pr(b|) to denote Pr(B=b|Y (n)=). Or, as
another example, we write Pr(, ) to denote Pr(Y (n) = , Xn = ).
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where b corresponds to the selected b, and

Pr(b|) =
1

2
, for any 6= b .

Consequently, (2) becomes

Pr[A→1|] = Pr(b|)

=
Pr(b|b)Pr(, b)

Pr()
+

∑
:6=b

Pr(b|)Pr(, )

Pr()

=

[
1
2 + ε

]
Pr(, b)

Pr()
+

1
2

∑
: 6=b

Pr(, )

Pr()

=
1

2
+ ε · Pr(b|) =

1

2
+ ε · δ.

Next, we have the following general upper bound on the entropy (see [6] or [1],
for example):

H(Xn|Y (n)) ≤ h(Perr) + Perrlog2(2n − 1)

where h(·) ≤ 1 is the binary entropy function and Perr = 1− Pr(b|), implying

δ
∆
= Pr(b|) <

1

n
+1− 1

n
H(Xn|Y (n))

=
1

n
+

1

n
I
(
Xn, Y (n)

)∣∣∣∣
p(xn)=2−n

. (3)

Hence, the information-theoretic quantity of interest is the iud information rate
defined as the information rate between Xn and Y (n) when the symbols Xk are
independent and uniformly distributed (iud)

Iiud (X;Y )
∆
= lim

n→∞

1

n
I
(
Xn;Y (n)

)∣∣∣∣
p(xn)=2−n

. (4)

The information rate Iiud (X;Y ) represents the amount of information that the
eavesdropper can “learn”, on average, about X after observing Y . The infor-
mation rate Iiud (X;Y ) is not computable in closed-form, but is attainable using
Monde-Carlo techniques and bounded as follows

Iiud(X;Y)≥ 1

n
I
(
Xn;Y (n)

)∣∣∣∣
p(xn)=2−n

− 1

n
H
(
L
(
Y (n)

))
(5)

Iiud(X;Y)≤ 1

n
I
(
Xn;Y (n)

)∣∣∣∣
p(xn)=2−n

. (6)

For large n, the correction term 1
nH
(
L
(
Y (n)

))
in (5) equals

1

n
H
(
L
(
Y (n)

))
=

1

2n
log2

(
2πe · i · n
(1− i)2

)
+O

(
n−2)

)
. (7)
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Substitution of (5) and (7) into (3) finalizes the proof. QED
Accordingly, the encryption mapping Mn→Y (n) enhances security by a factor

δ in comparison to the encryption mapping Mn→Xn because the probability that
A wins the game becomes closer to 1

2 , which corresponds to random guessing.
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The interest for authenticated encryption with associated data was recently in-
tensified with the announced new competition "CAESAR" for authenticated ci-
phers [1]. The scope of this competition is not just to seek for authenticated modes
of operations for AES, but also for proposals of new ciphers that offer advantages
over AES-GCM and are suitable for widespread adoption.

π-Cipher is a proposal for an authenticated cipher with associated data for the
ongoing "CAESAR" crypto competition. The recent developments with the intro-
duction of AES-NI instructions in latest Intel CPUs [4] made AES-GCM mode
really efficient.

The core part of every sponge construction is the permutation function, and
the whole security of the primitive relies on it. The design goal for our sponge
construction was to obtain a strong permutation, which for different values of the
parameter ω (the bit size of the words) provides different features, i.e. to be very
efficient when ω “ 64 and lightweight when ω “ 16.

π-Cipher has an ARX based permutation function which we denote as π func-
tion. It uses similar operations as the ones used in the hash function Edon-R [3] but
instead of using 8–tuples here we use 4–tuples. The permutation operates on a b
bits state and updates the internal state through a sequence of R successive rounds.
The state IS can be represented as a list ofN 4-tuples, each of length ω-bits, where
b “ N ˆ 4ˆ ω, i.e.,

IS “ ppIS11, . . . , IS14q
looooooooomooooooooon

I1

, pIS21, . . . , IS24q
looooooooomooooooooon

I2

, . . . , pISN1, . . . , ISN4q
loooooooooomoooooooooon

IN

q. (1)

The general permutation function π consists of three main transformations
µ, ν, σ : Z4

2ω Ñ Z4
2ω , where Z2ω is the set of all integers between 0 and 2ω ´ 1.

These transformations perform diffusion and nonlinear mixing of the input. It uses
the following operations:
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• Addition + modulo 2ω;

• Left rotation (circular left shift) ROTLrpXq, where X is an ω–bit word and
r is an integer, 0 ď r ă ω;

• Bitwise XOR operation ‘ on ω–bit words.

Let “ pX0, X1, X2, X3q, “ pY0, Y1, Y2, Y3q and “ pZ0, Z1, Z2, Z3q be three
4-tuples of ω–bit words. Further, let ˚ be defined as:

“ ˚ ” σpµpq‘4 νpqq (2)

where ‘4 is the component-wise addition of two 4-dimensional vectors in
`

Z2ω
˘4.

Table 1: An algorithmic description of the ARX operation ˚ for ω–bit words.

˚ operation for ω–bit words

Input: “ pX0, X1, X2, X3q and “ pY0, Y1, Y2, Y3q whereXi and Yi are ω–bit variables.
Output: “ pZ0, Z1, Z2, Z3q where Zi are omega–bit variables.
Temporary ω–bit variables: T0, . . . , T11.

µ–transformation:

1.

T0 Ð ROTLr1,ω,1pconst1,µω ` X0 ` X1 ` X2q;
T1 Ð ROTLr1,ω,2pconst2,µω ` X0 ` X1 ` X3q;
T2 Ð ROTLr1,ω,3pconst3,µω ` X0 ` X2 ` X3q;
T3 Ð ROTLr1,ω,4pconst4,µω ` X1 ` X2 ` X3q;

2.

T4 Ð T0 ‘ T1 ‘ T3;
T5 Ð T0 ‘ T1 ‘ T2;
T6 Ð T1 ‘ T2 ‘ T3;
T7 Ð T0 ‘ T2 ‘ T3;

ν–transformation:

1.

T0 Ð ROTLr2,ω,1pconst1,νω ` Y0 ` Y2 ` Y3q;
T1 Ð ROTLr2,ω,2pconst2,νω ` Y1 ` Y2 ` Y3q;
T2 Ð ROTLr2,ω,3pconst3,νω ` Y0 ` Y1 ` Y2q;
T3 Ð ROTLr2,ω,4pconst4,νω ` Y0 ` Y1 ` Y3q;

2.

T8 Ð T1 ‘ T2 ‘ T3;
T9 Ð T0 ‘ T2 ‘ T3;
T10 Ð T0 ‘ T1 ‘ T3;
T11 Ð T0 ‘ T1 ‘ T2;

σ–transformation::

1.

Z3 Ð T4 ` T8;
Z0 Ð T5 ` T9;
Z1 Ð T6 ` T10;
Z2 Ð T7 ` T11;

An algorithmic definition of the ˚ operation over two 4–dimensional vectors
and for ω-bit words is given in Table 1. The values of the rotation vectors r1,ω

and r2,ω and of the constants consti,µω, consti,νω, i “ 1, 2, 3, 4 used in the µ and
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X0 X1 X2 X3

X

Y0 Y1 Y2 Y3

Y

const1,µ

r1,1 r1,2 r1,3 r1,4 r2,1 r2,2 r2,3 r2,4

Z0 Z1 Z2 Z3

Z

const2,µ const3,µ const4,µ const1,ν const2,ν const3,ν const4,ν

C1

C2

ININ 1I2I1

JNJN 1J2J1

J1 J2 JN 1 JN

E1

E2

Figure 1: Graphical representation of the ARX operation ˚.

ν transformations are given in the official documentation of the π-Cipher [2]. A
graphical representation of the ˚ operation is given in Figure 1.

One round of the cipher is graphically described in Figure 2. In the figure,
the diagonal arrows can be interpreted as ˚ operations between the source and
destination, and the vertical or horizontal arrows as equality signs ” “ ”.

X0 X1 X2 X3

X

Y0 Y1 Y2 Y3

Y

const1,µ

r1,1 r1,2 r1,3 r1,4 r2,1 r2,2 r2,3 r2,4

Z0 Z1 Z2 Z3

Z

const2,µ const3,µ const4,µ const1,ν const2,ν const3,ν const4,ν

C1

C2

ININ 1I2I1

JNJN 1J2J1

J1 J2 JN 1 JN

E1

E2

Figure 2: One round of π-Cipher
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Jovana Obradović, PPS Laboratory, Université Paris Diderot, Inria, France,
and Faculty of Technical Sciences, University of Novi Sad, Serbia

Keywords:

symmetric operads, cyclic operads, symmetric monoidal category, monad of trees,
µ-syntax, species of structures, microcosm principle

The formalism of cyclic operads was originally introduced by Getzler and Kapra-
nov in [1], as an outcome of the renaissance of operads that occurred in the early
nineties of the last century. They established the notion in the unbiased manner,
i.e. by first constructing a monad of unrooted trees, and then defining a cyclic op-
erad to be an algebra over this monad. The motivation came from the framework
of cyclic homology: a cyclic operad structure is precisely the enrichment of the
(ordinary) operad structure needed to define a cyclic homology for algebras over
a given operad. Because of the very nature of their initial purpose, the first biased
characterization of cyclic operads (i.e. description by means of individual operadic
composition operations) [1, Theorem 2.2] was not given in the “entries only” fash-
ion (according to which operations have entries that are neither input or output),
but rather starting from the definition of an ordinary symmetric operad, i.e. from
operations with multiple inputs and one output, and then allowing for this output
to be exchanged with an input. Moreover, this presentation was skeletal: the argu-
ments of operations were natural numbers rather than finite sets. In [2, Proposition
42] Markl gave a more graspable version of a biased definition of cyclic operads,
by means (and with the notation) of explicit partial composition, i.e. by composing
only two adjacent operations (as opposed to the classical, i.e. monoidal one, where
an operation is composed with “all its neighbours”). Finally, in the appendix of [3],
Markl defines (non-skeletal) cyclic operads as structures combining operations that
have only (named) entries and no distinguished output.

Our objective is to follow the main line of this evolution, to summarize all
the (equivalent) definitions of cyclic operads, and most importantly, to further fur-
nish it by introducing new means of describing them (both from the syntactic and
algebraic standpoint) and ultimately linking all concepts into a clear, unified and
comprehensive account. Although the ambience for defining cyclic operads can be
an arbitrary symmetric monoidal category, we decided to formally introduce them
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only for the category . More precisely, our cornerstone will be the unital version
of the “entries only” approach of Markl in a particular case of a contravariant (and
non-skeletal) version S : op Ñ of Joyal’s species of structures. The reason for
choosing the non-skeletal setting is merely the clarity of the presentation we obtain
when working with formulas with “named” variables.

The formalisms we deliver and advocate were initially developed with two
main goals in mind: to provide cyclic operads with a lightweight syntax on one
side, and with a “microcosm principle” modeled definition on the other, both for
their biased presentation.

As for the syntactic approach, we wanted to provide a λ-calculus-style syntax
which allows for a crisp description of the (somewhat cumbersome) laws of partial
composition operation for cyclic operads. Contrary to the common combinator-
style syntax, whose tokens are operations f P SpXq only, the µ-syntax we propose
has two different kinds of expressions:

c : X and X | s
c ::“ xs | ty | fttx |x P Xu s, t ::“ x | µx.c

,

called commands (which mimick operations themselves, with no entry selected),
and terms (representing operations with one selected entry), respectively. The typ-
ing rules are as follows:

txu |x

f P SpXq . . . Yx | tx . . .

fttx |x P Xu :
ď

Yx

X | s Y | t

xs | ty : X Y Y

c : X

Xztxu |µx.c
,

while the equations are xs | ty “ xt | sy and (oriented from left to right):

xµx.c | sy “ crs{xs µx.xx | yy “ y .

The proof of equivalence of the µ-syntax with the (unbiased) definition of
cyclic operads as algebras for a monad (over the category of unrooted trees) re-
vealed a connection to yet another equivalent formalism of cyclic operads: a re-
versible term syntax, introduced by Lamarche as a syntactical approach for defin-
ing contexts in linear logic. This proof is also interesting from the perspective of
rewriting: the equations of the µ-syntax constitute a non-confluent and terminating
system, with the distinct normal forms of a command corresponding in a natural
way to different tree traversals of the underlying tree. Combined with the proof of
the equivalence of µ-syntax with the usual combinator-style syntax for cyclic op-
erads, our syntactic route consolidates the equivalence of the unbiased and biased
standpoints (usually taken for granted in the literature).

On the other hand, our algebraic approach has as a cornerstone the category of
species of structures, and is guided by the “microcosm principle” of higher algebra.
We introduce two monoidal-like definitions of cyclic operads, one for the original
“exchangable single output” characterisation and the other for the “entries only”
version.
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The product on species needed to formulate the “entries only” definition alge-
braically is

SNT :“ pBSq ¨ pBT q,

where the expression on the right-hand side denotes the (usual) product of deriva-
tives of the species S and T . It turned out that this product satisfies the identity
given by the isomorphism

γ : pSNT qNU ` TNpSNUq ` pTNUqNS Ñ SNpTNUq ` pSNUqNT ` UNpSNT q,

which, when “unfolded”, consists of six terms on each side. By adequately pairing these
terms, we were able to define a cyclic operad as a pair pS, ρ : SNS Ñ Sq, such that ρ
commutes in the appropriate way with γ. The other definition will be discussed in the talk.

Starting from these two definitions, and relying on a result of Lamarche coming from
the descent theory of species, we efficiently obtained an unambiguous correspondence
between the two points of view on cyclic operads.
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The filtration method is often used to prove the finite model property of modal
logics. We adapt this technique to the generalized Veltman semantics for inter-
pretability logics. In order to preserve the defining properties of generalized Velt-
man models, we use bisimulations to define adequate filtrations. Shehtman [2]
used a similar modification of the filtration method to prove the finite model prop-
erty for some products of modal logics. We give an alternative proof of the finite
model property of interpretability logic IL w.r.t. Veltman models, and we prove the
finite model property of the systems and 0 w.r.t. generalized Veltman models.

Provability logic GL (Gödel, Löb) is a standard modal logic interpreted on
transitive and reverse well–founded Kripke frames, which treats provability predi-
cate as a modal operator. The axioms of GL are all instances of classical tautolo-
gies, lpAÑ Bq Ñ plAÑ lBq, and lplAÑ Aq Ñ lA. The inference rules
are modus ponens and necessitation A{lA.

The interpretability logic IL, introduced by Visser [3], is an extension of prov-
ability logic with a binary modal operator �. This operator stands for interpretabil-
ity, considered as a relation between extensions of a fixed theory. It is a nonstan-
dard modal logic, and the basic semantics are Veltman models. These are built over
standard transitive and reverse well–founded Kripke models, enriched by binary re-
lations Sw between worlds accessible from each world w. Axioms of IL are all ax-
ioms of GL and the following: lpAÑ Bq Ñ A�B, pA�B ^ B�Cq Ñ A�C,
pA�C ^ B �Cq Ñ pA_Bq�C, A�B Ñ p3AÑ 3Bq, and 3A�A. The
inference rules are modus ponens and necessitation. De Jongh and Veltman [1]
proved the completeness of the system IL w.r.t. finite Veltman models.

Our aim is to apply the filtration technique to prove finite model property of IL
and its extensions w.r.t. generalized Veltman semantics, introduced by de Jongh.
We were not successful in defining filtration of Veltman models. Generalized Velt-
man models also have relations Sw, but between R–successors and sets od R–
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successors of w. This feature allows more freedom in constructing Sw–successors,
which was essential at a certain point in the proof of the main result.
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Abstract

We present a propositional logic with unary operators that speak about upper and
lower probabilities. We describe the corresponding class of models and discuss
decidability issues. We provide an infinitary axiomatization for the logic and we
prove that the axiomatization is sound and strongly complete. For some restrictions
of the logic we provide finitary axiomatic systems.
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The question is what are the (contentwise) factual and historical relations be-
tween mathematical probability theory and probability logic.
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The goal of this experiment is to partially emulate in the standard foundational
framework some features of the intuitionist continuum, loosely based on the ideas
of Brouwer and Weyl. The approach is philosophically promiscuous and freely
uses non-intuitionistic mathematics. In particular, it relies on the theory of semi-
group C˚-algebras and semigroup crossed products. The philosophical abomina-
tion is perhaps mitigated by an intriguing discovery: algebras arising in this inquiry
turn out to be of independent interest operator theory, noncommutative geometry
and, rather unexpectedly, mathematical physics

According to Brouwer (and, for a time, Weyl), the continuum should be re-
garded as the collection of ‘sequences of nested intervals whose measure converges
to zero.’ These nested interval sequences themselves should be considered the real
numbers: ‘We call such an indefinitely proceedable sequence of nested intervals a
point P or a real number P . We must stress that the point P is the sequence [. . . ]
itself; not something like “the limiting point" to which, according to the classical
view, the intervals converge’ ( [3]).

Further, in Brouwer’s view, shaped by his philosophy of mathematics, the inter-
val sequences should be viewed as developing or unfolding: the continuum should
be seen as dynamical. Absent the dynamics introduced by choice acts of Brouwer’s
‘ideal mathematician’, an algebraic structure that partly reflects these views within
the framework of standard (that is, non-intuitionist) mathematics should have the
following features: (1) it represents descending interval sequences; (2) it is a dy-
namical system; and (3) it has enough algebraic and analytic structure to allow for
interesting connections with contemporary mathematics.

The ‘models’ of the continuum proposed here areC˚-dynamical systems: crossed
products of a commutative C˚-algebra by a semigroup associated in a natural way
to descending sequences of intervals. To motivate the idea, we borrow a starting
point from numerical analysis and computer arithmetic, which are naturally con-
cerned with interval computations.

Each interval is determined by its centre and its radius, and hence can be written
uniquely in the form x` εy “ rx´ y, x` ys. Discarding pure points (intervals of
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radius y “ 0), intervals can be identified pairs px, yq and hence with the connected
component of identity of the real affine group, Aff0pRq – R ¸ Rˆ`. We now
impose the group multiplication on intervals. The significance of this choice is that
reverse inclusion of intervals corresponds to right multiplication by subintervals of
ε “ r´1, 1s. Subintervals of ε form a submonoid MR of Aff0pRq, and it is not
difficult to see that semigroup words represent descending sequences of intervals:
for s1, . . . , sn PMR,

s1 Ě s1s2 Ě ¨ ¨ ¨ Ě s1s2 ¨ ¨ ¨ sn.

Since matrix addition takes us outside of the group, addition is introduced by
artifice. Rather than making an arbitrary choice, take the most general algebra
containing the affine group. We are not bound by Brouwer’s foundational outlook,
so we can introduce analytic structure by passing to the group C˚-algebra. This
is not quite the model we want but it is remarkable that viewing C˚pAff0pRqq
as an interval algebra resolves certain difficulties with physical interpretations of
λ-Miknowski space-time, a noncommucative algebra of interest in mathematical
physics (see [1]). Namely, the momentum algebraMλ of λ-Minkowski spacetime
is essentially the unique (up to the sign of λ) noncommucative representation of
the interval algebra C˚pAff0pRqq.

To move a little closer to Brouwer and Weyl, we should look at rational in-
tervals, identified as above with the rational affine group. Further, to reflect the
descending sequences, we must work with a semigroup algebra rather than the full
group algebra. The set of subintervals of r´1, 1s XQ is a submonoid of Aff`pQq.
The monoid M ‘encodes’ descending chains of rational intervals by right multipli-
cation. This motivates the main definition:

Definition 1. A ‘model’ of the continuum is defined as the semigroup C˚ algebra
CpMq of the submonoid M of the rational affine group: the restriction to `2pMq
of the left regular representation of Aff`pQq.

The situation corresponds exactly to Nica’s construction of semigroup C˚-
algebras for quasi-lattice ordered groups [2]. The structure of the algebra CpMq
can be described as follows. For every interval x P M , let Px denote the projec-
tion on the subspace `2pxMq Ď `2pMq. Since the principal right ideal xM Ÿ M
consists of intervals contained in x, Px is the projection onto the subspace gener-
ated by subintervals of x. These projections generate an abelian algebra BM since
PxPy “ PxXy (with the convention that PxXy “ 0 if x X y is empty or a point).
The monoid M acts on the algebra BM by endomorphisms ϕxpPyq “ Pxy. The
endomorphisms are implemented by isometries vx such that vxPyv˚x “ Pxy (and
hence vxv˚x “ Px). CpMq is the C˚-algebra generated by the isometries vx, and is
the semigroup crossed product BM ¸ϕM : a semigroup dynamical system.

It is useful to have in mind a dual description. Let ΩM be the space of filters
on M (considered as a poset). With the product topology induced from 2M , ΩM

is a compact space now known as the Nica spectrum, and CpΩM q is the dual of

57



the commutative algebra generated by projections Px “ vxv
˚
x , x P M . By Nica’s

results, CpMq is isomorphic to the crossed product CpΩM q ¸M .

Proposition 1. The maximal abelian subalgebra of the continuum CpMq provides
a natural Heyting algebra semantics, with propositions represented by projections
associated to right ideals of the monoid M .

Submonoids S ĎM can induce a partial order on Aff`pQq in the same way as
M . The monoid M gives the finest ‘graining" of the continuum, with all descend-
ing sequences of rational intervals allowed; submonoids S Ď M can be viewed as
inducing coarser discretizations of the continuum.

For example, the submonoid F2 generated by the partition into two subinter-
vals r´1, 0s and r0, 1s is free; the ‘continuum’ corresponding to F2 is known as the
Cuntz-Toeplitz algebra T2: its maximal abelian subalgebra is the algebra of con-
tinuous functions on the Cantor space (the Cayley tree of F2), and the monoid acts
by shifts.

Brouwer and Weyl preferred dyadic intervals of the form m
2n`

1
2n ε “ r

m´1
2n , m`1

2n s.
The group generated by these intervals is the Baumslag-Solitar group, also known
as the ‘wavelet group’. As a dynamical system, it is the dyadic solenoid (bilat-
eral Bernoulli shift). Since the Baumslag-Solitar group is not free, it follows that
different discretizations can lead to non-isomorphic algebras.

It is fascinating that algebras arising in this experiment relate to Cuntz and
Cuntz-Toeplitz algebras, as well to the Bost-Connes dynamical system, objects of
independent interest in mathematical physics and non-commutative geometry. The
situation becomes even more remarkable in higher dimensions. In 3 dimensions,
the monoid acts on continuous functions on a compactification of the space of
future cones in the sense of special relativity.
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1 Summary

An overlay network [9] is a structure that is independent of the underlying network
that is actually connecting devices. It represents a logical look on organization of
the resources. Usually, the nodes of an overlay network form a well defined struc-
ture and one of the most important aspects for proper functioning of that system is
to maintain the correct organization of the resources in the desired structure, i.e.,
to be structurally correct.

Some of the overlay networks are realized in the form of Distributed Hash
Tables (DHT). DHTs provide a lookup service similar to a hash table; xkey, valuey
pairs are stored inside a DHT, and any participating node can efficiently retrieve
the value associated with a given key. DHT can scale to extremely large number of
nodes and to handle continual node arrivals, departures, and failures.

The Chord protocol [6, 7, 8] is one of the first, simplest and most popular
DHTs. The specification of the Chord analyzed here has been written following
the specification given in [5], which was developed according to [8, 2, 10].

Authors of [6, 7, 8, 4] proposed a probabilistic approach to analyze the (struc-
tural) correctness of the Chord protocol. They proved that in a model of executions
without failure of nodes, after any sequence of the join operations, the considered
network will be brought to a stable state.

Our aim is to verify correctness of the Chord protocol using Isabelle/HOL proof
assistant. This is motivated by the obvious fact that it is difficult to reproduce
errors in concurrent systems only by program testing, and the fact that several non-
relational database management systems (NRDBMS) [3, 1] have been developed
based on the Chord like technology. To analyze their behavior, it might be useful
to characterize situations when correctness of the underlying protocol holds.

We define a maximal set of executions, called regular runs, that satisfy a mini-
mal set of constraints, for which we prove correctness, i.e., that after any sequence
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of operations (with possible failures of nodes), the network will be brought to a
stable state.
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