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Trostruki integral

Definicija trostrukog integrala

Neka je funkcija f : V → R, V ⊂ R3, ograničena nad V, gde je V ograničena i zatvorena oblast.

Podela skupa V :
T = {V1, V2, . . . , Vn}

Izbor tačaka:
Mi ∈ Vi, 1 ≤ i ≤ n

Parametar podele:
µ(T ) = max

1≤i≤n
d(Vi).

Integralna suma:

s(f, T ) =

n∑
i=1

f(Mi)∆Vi

∫∫
V

∫
f(x, y, z)dV =

∫∫
V

∫
f(x, y, z)dxdydz = lim

µ(T )→0
s(f, T )
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Trostruki integral

Trostruki integral - osobine

(1)
∫∫
V

∫ (
αf(x, y, z) + βg(x, y, z)

)
dxdydz = α

∫∫
V

∫
f(x, y, z)dxdydz + β

∫∫
V

∫
g(x, y, z)dxdydz,

α, β ∈ R;

(2)
∫∫
V

∫
f(x, y, z)dxdydz =

∫∫
V1

∫
f(x, y, z)dxdydz +

∫∫
V2

∫
f(x, y, z)dxdydz, gde je V = V1 ∪ V2

i V1 i V2 nemaju zajedničkih unutrašnjih tačaka.

(3) V = {(x, y, z) ∈ R3 : (x, y) ∈ σ, z1(x, y) ≤ z ≤ z2(x, y)}. Tada je

∫∫
V

∫
f(x, y, z)dxdydz =

∫
σ

∫ ( z2(x,y)∫
z1(x,y)

f(x, y, z)dz
)
dxdy.

(4) ∆V =
∫∫
V

∫
dxdydz.
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Trostruki integral

Trostruki integral - transformacija koordinata

x = x(u, v, t), y = y(u, v, t), , z = z(u, v, t), (u, v, t) ∈ V1

Jakobijan transformacije:

J(u, v, t) =
∂(x, y, z)

∂(u, v, t)
=

∣∣∣∣∣∣
xu xv xt
yu yv yt
zu zv zt

∣∣∣∣∣∣ 6= 0, (u, v, t) ∈ Do1 ,

∫∫
V

∫
f(x, y, z)dxdydz =

∫∫
V1

∫
f(x(u, v, t), y(u, v, t), z(u, v, t))|J(u, v, t)|dudvdt.
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Trostruki integral

Sferne koordinate

cos θ = z
r

sin θ = r′

r

x = r′ cosϕ = r cosϕ sin θ
y = r′ sinϕ = r sinϕ sin θ
z = r cos θ

r ≥ 0, θ ∈ [0, π], ϕ ∈ [0, 2π]
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Trostruki integral

Sferne koordinate - Jakobijan

J =
∂(x, y, z)

∂(r, ϕ, θ)

=

∣∣∣∣∣∣
cosϕ sin θ −r sinϕ sin θ r cosϕ cos θ
sinϕ sin θ r cosϕ sin θ r sinϕ cos θ

cos θ 0 −r sin θ

∣∣∣∣∣∣
= r2 sin θ(− cos2 ϕ sin2 θ − sin2 ϕ cos2 θ − cos2 ϕ cos2 θ − sin2 ϕ sin2 θ)

= −r2 sin θ
(
sin2 θ(cos2 ϕ+ sin2 ϕ) + cos2 θ(sin2 ϕ+ cos2 ϕ)

)
= −r2 sin θ(sin2 θ + cos2 θ) = −r2 sin θ.
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Trostruki integral

Primena
Masa tela: µ = µ(x, y, z) gustina tela

m =
∫∫
V

∫
µ(x, y, z)dxdydz

Težište tela: T (xt, yt, zt)

xt = 1
m

∫∫
V

∫
xµ(x, y, z)dxdydz, yt = 1

m

∫∫
V

∫
yµ(x, y, z)dxdydz, zt = 1

m

∫∫
V

∫
zµ(x, y, z)dxdydz.

Moment inercije u odnosu na ravan yOz :

Iyz =

∫∫
V

∫
x2µ(x, y, z)dxdydz.

Moment inercije u odnosu na osu Oz :

Iz =

∫∫
V

∫
(x2 + y2)µ(x, y, z)dxdydz.

Moment inercije u odnosu na koordinatni početak:

IO =

∫∫
V

∫
(x2 + y2 + z2)µ(x, y, z)dxdydz.
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Trostruki integral

Primer

Primer
Izračunati zapreminu tela

V = {(x, y, z) ∈ R3 : 2y ≤ x2 + y2 ≤ 4y, −x2 − y2 ≤ z ≤ 0}.

σ = {(x, y) ∈ R2 : 2y ≤ x2 + y2 ≤ 4y}

= {(x, y) ∈ R2 : x2 + (y − 1)2 ≥ 1, x2 + (y − 2)2 ≤ 4}.

x

y

∆V = 2
∫
σ

∫
(x2 + y2)dxdy = 2

π
2∫
0

dϕ
4 sinϕ∫
2 sinϕ

ρ3dρ

= 1
2

π
2∫
0

ρ4|4 sinϕ

2 sinϕ
dϕ = 120

π
2∫
0

sin4 ϕdϕ

= 120

π
2∫
0

( 1−cos 2ϕ
2

)2
dϕ

= 30

π
2∫
0

(
1− 2 cos 2ϕ+ cos2 2ϕ

)
dϕ = 7

4
π.
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Trostruki integral

Primer

Primer
Izračunati zapreminu oblasti

V = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 18,
√
x2 + y2 ≤ z}.

Presek oblasti:

x2 + y2 + z2 = 18√
x2 + y2 = z

⇔ x2 + y2 = 9√
x2 + y2 = z.

⇔ z = 3, x2 + y2 = 9

y

z

x

y
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Primer

Primer
Izračunati zapreminu oblasti

V = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 18,
√
x2 + y2 ≤ z}.

σ = {(x, y) ∈ R2 : x2 + y2 ≤ 9}.

∆V =
∫∫
V

∫
dxdydz =

∫
σ

∫ (√
18− x2 − y2 −

√
x2 + y2

)
dxdy

=
2π∫
0

dϕ
3∫
0

(√
18− ρ2 − ρ)ρdρ

=
2π∫
0

dϕ
3∫
0

√
18− ρ2ρdρ−

2π∫
0

dϕ
3∫
0

ρ2dρ = 54π(
√

2− 1).
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