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Definicija trostrukog integrala

Neka je funkcija f : V — R, V C R3, ogranitena nad V, gde je V ograni¢ena i zatvorena oblast.

Podela skupa V':
T={W,Va,...,Va}

Izbor tacaka:
M;€V;, 1<i<n

Parametar podele:

Integralna suma:

s(f,T) =Y f(My)AV;

i=1

f‘{ff(z,y,z)d\/:f‘[ff(x,y, 2)dxdydz = lim s(f,T)

wu(T)—0




Trostruki integral

Trostruki integral - osobine

) JIJ (ef (=, 9, 2) + Bg(x, y, 2))dadydz = o [[[ f(x,y, z)dzdydz + ﬂf‘{f 9(z,y, z)dzdydz,
Vv v
a, B €R;
ffff x,y, z)dzdydz —ffff T,Y,2 dmdydz—i—ffff z,y, z)dzdydz, gde je V = V1 U Vo

V2
i V1 i Vo nemaju zajednlcklh unutrasnjih tacaka.

@) V=A{(z,y,2) €ER’: (z,y) €0, z1(z,y) < 2 < 22(,y)}. Tada je

///f T, Y,z dxdydz—// / f(:]c Y,z dz dxdy.

g z1(z,y)

(4) AV = [[f dedydz.
Vv



Trostruki integral

Trostruki integral - transformacija koordinata

z=a(u,v,t), y=yuvt), ,z2=2zu,0,t), (uv,v,t)eWV

Jakobijan transformacije:

9 .Y, Ty Ty Tt
J(’U,,’U,t) = M =| Yu Yo Yt |#0, (’LL,’l},t) GD?,
O(u,v,t) 2o 2

///f(:c,y, z)dzdydz = /// flx(u,v,t),y(u,v,t), z(u, v,t))|J (u,v,t)|dudvdt.
1% Vi
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Sferne koordinate

9 - =z x = r'cosyp=rcospsinb
COS = r . ’ . o . ind
0 r y = 7'sinp = rsinpsin

sinf = =
T z = rcosf

r>0, 6€0,7], pe€]l0,2n]



Trostruki integral

Sferne koordinate - Jakobijan

d(z,y, z)
a(r,p,0)

cospsinf —rsinpsinf rcospcosf
= sinpsing  rcosgsinf rsingcosf
cos 6 0 —rsinf

= 72sinf(— cos? psin? § — sin’ p cos® 6 — cos® g cos? @ — sin? sin? 6)
= —r?sin o( sin? f(cos? o + sin? ) + cos? B(sin?  + cos? ©))

= —r?sinf(sin? 0 + cos? ) = —rZsinb.



Primena

Masa tela: 4 = p(z,y, z) gustina tela
m = [[[ u(z,y, z)dedydz
Vv
Teziste tela: T'(z¢, yt, 2¢)

zr = L [[f ap(z,y, z)dzdydz, yr = f‘{f yul(x, y, z)dedydz, 2, = - f‘{f zu(z, y, 2)dwdydz.
1%

Moment inercije u odnosu na ravan yOz :

Iy, = ///mg,u(a:,y, z)dzdydz.
\4

Moment inercije u odnosu na osu Oz :

I. = ///(ar:2 + )z, y, z)dedydz.
v

Moment inercije u odnosu na koordinatni pocetak:

1o = [[ [+ + )ty 2)dedyd
\%4
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Primer

Primer
IzraCunati zapreminu tela

V ={(v,y,2) €R®: 2y <2? + 92 <dy, —2? —y? <2 <0}

o = {(z,y) eR?:2y <z?+y? <4y}

= {(zy) eR?:2?+(y—1)2 > 1,22 4+ (y — 2)% < 4}.

us

9 9 2 4sin ¢ N
(2 +yP)dady =2 [de [ pidp
2sin ¢

AV = 2

N o

Oy 9 §

sin 2
% pﬂisin:dap =120 [ sin* pdp
0

(170352@0)2(190

—oly

Il
—

20

= 30 (172cos2<p+cos22np)d<p:£7r.

O =y o

Y
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Primer

Primer

IzraCunati zapreminu oblasti

V={(z,y,2) €R®: a? +3? + 2% <18, /22 +y2 < z}.

Presek oblasti:

22 +y2+22 = 18 22 + 2 = 9 2 2
EE = - & TrE = 2 Sz=3z+y =9
z Y
y €T
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Primer

Primer
IzraCunati zapreminu oblasti

V={(z,y,2) eR®: 2%+ 3%+ 2% <18, Va2 + 42 < z}.

o={(z,y) €R?: 22 +¢? < 9}.

AV = [ dedydz = [f (\/18 o S o y?)dmy
\4 o
= ?dwf (m, p)pdp

27 3 27 3
= [de [V18—p?pdp— [ dp [ p*dp = 547 (V2 —1).
0 0 0 0
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