
1 Dvostruki integrali

1. Izračunati
∫
D

∫
f(x, y)dxdy ako je

(a) f(x, y) = 2x3y + xy, i D = {(x, y) ∈ R2 : −2 ≤ x ≤ 2,−3 ≤ y ≤ 1},
(b) f(ρ, ϕ) = ρ2ϕ i D = {(ρ, ϕ) ∈ [0, 2]× [π6 ,

π
3 ]},

(c) f(x, y) = 1 i D = {(x, y) ∈ R2 : 1 ≤ x ≤ 3, x2 ≤ y ≤ 1
x},

(d) f(x, y) = 1 i D = {(x, y) ∈ R2 : 1 ≤ x ≤ 25− y2,−3 ≤ y ≤ 0},
(e) f(x, y) = 1 i D = {(x, y) ∈ R2 : (x− 1)2 + (y − 3)2 ≤ 1}.

2. Odrediti granice integracije integrala
∫
D

∫
f(x, y)dxdy za dva moguća re-

dosleda integracije ako je

(a) D = {(x, y) ∈ R2 : y ≤
√
x, x ≤ √y},

(b) D = {(x, y) ∈ R2 : x2 + (y − 2)2 ≤ 4, y ≤ x},
(c) D = {(x, y) ∈ R2 : (x− 1)2 + (y − 3)2 ≤ 1} i

(d) D = {(x, y) ∈ R2 : x2 + y2 ≤ 8y, x2 + y2 ≤ 8x}.

3. Izračunati površinu figure:

(a) {(x, y) ∈ R2 : 9 ≤ x2 + y2 ≤ 16},
(b) {(x, y) ∈ R2 : 4(x− 1)2 + 9y2 ≤ 36},
(c) {(x, y) ∈ R2 : 1 ≤ x+ y ≤ 4, 1 ≤ y

x ≤ 2} i

(d) {(x, y) ∈ R2 : 4
√
x+ y ≤ 1, x ≥ 0, y ≥ 0}.

4. Izračunati masu i težǐste homogene ploče (npr. µ = 1)

(a) {(x, y) ∈ R2 : 0 ≤ x ≤ a, 0 ≤ y ≤ b} i

(b) {(x, y) ∈ R2 : x2 + y2 ≤ 9, y ≥ 0}.

5. Izračunati masu i težǐste ploče

D = {(x, y) ∈ R2 : x2 + y2 ≤ 25, 0 ≤ y ≤
√

3x}

gustine µ(x, y) = x2 + y2.

6. Izračunati zapreminu oblasti

(a) V = {(x, y, z) ∈ R3 : −2 ≤ x ≤ 2,−3 ≤ y ≤ 1, 0 ≤ z ≤ 5},
(b) V = {(x, y, z) ∈ R3 : x2 + y2 ≤ 16, z ≤ 9− x2 − y2}

(c) V = {(x, y, z) ∈ R3 : z − 5 ≤ −
√
x2 + y2, z ≥ 1} i

(d) V = {(x, y, z) ∈ R3 : x2 + y2 ≤ 1, x2 + y2 − 2 ≤ z ≤ 2− x2 − y2}.
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2 Trostruki integrali

1. Izračunati
∫∫
V

∫
(x2y + z)dxdydz ako je

V = {(x, y, z) ∈ R3 : −2 ≤ x ≤ 2,−3 ≤ y ≤ 1, 1 ≤ z ≤ 5}.

2. Izračunati
∫∫
V

∫
(x2 + y2)dxdydz ako je

V = {(x, y, z) ∈ R3 : 2 ≤ z ≤ 4− x2 − y2}.

3. Izračunati Jakobijan transformacije

a) x = r cosϕ sin θ, y = r sinϕ sin θ, z = r cos θ,
(r, ϕ, θ) ∈ [0,∞)× [0, 2π]× [0, π].

b) x = ar cosϕ sin θ, y = br sinϕ sin θ, z = cr cos θ,
a > 0, b > 0, c > 0 (r, ϕ, θ) ∈ [0,∞)× [0, 2π]× [0, π].

4. Izračunati zapreminu oblasti

(a) V = {(x, y, z) ∈ R3 : 2x+ 3y + 4z ≤ 12, x ≥ 0, y ≥ 0, z ≥ 0},
(b) V = {(x, y, z) ∈ R3 : 1 ≤ x2 + y2 + z2 ≤ 9},
(c) V = {(ρ, ϕ, θ) ∈ [0, 3]× [0, π]× [0, π3 ]},

(d) V = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 9, 0 ≤
√

3z ≤
√
x2 + y2, y ≥ 0} i

(e) V = {(x, y, z) ∈ R3 : x2 + y2 ≤ z2, x2 + y2 + z2 ≤ 9, z ≤ 0}.

5. Odrediti težǐste homogenog tela (gustine µ = 1)

(a) V = {(x, y, z) ∈ R3 : 0 ≤ x ≤ 2, 0 ≤ y ≤ 3, 0 ≤ z ≤ 4} i

(b) V = {(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 9, z ≥ 0}.

6. Izračunati I =
∫∫
V

∫
(x2 + y2)dxdydz, gde je

V = {(x, y, z) ∈ R3 : x2 + y2 ≥ 2, x2 + y2 ≤ 7− z, z ≥ 3}.
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