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Abstract. This paper presents the construction of a new measure-
type functions of a certain type, by applying aggregation functions on
the initial sequence of measure-type functions of the same type. The
measure-type functions considered in this paper are distance functions,
metrics, fuzzy metrics, and fuzzy measures. The properties of the con-
structed new measure-type functions depend on the properties of applied
aggregation functions, as well as the properties of the initial functions on
which the aggregation function is applied.
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1. Introduction

In this review paper, some results of research conducted in the past ten
years are presented, on the subject of the construction of new measure-type
functions in the most wide sense, see [3, [, B]. The topic of the mentioned
research is the methodology of construction of new measure-type functions by
applying aggregation function on a sequence of initial functions of the same
type. In this paper, considered measure-type functions are

(a) distance functions and metrics in the Section [3] see [4],
(b) fuzzy metrics in the Section 4] see [5],
(c) fuzzy measures in the Section [5] see [3].

The definition and some relevant properties of aggregation functions are pre-
sented in Section 2

The idea of the mentioned methodology consists in the following. Let I be
one of the intervals I; = [0,1], [z = [0,00) or I5 = [0, 0], and let n € N. Let X
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be an arbitrary nonempty set measurable in a certain sense, and let m; : X — I,
i €{1,...,n} be a sequence of some measure-type functions of the same type.
For n-ary aggregation function Ap,) : I — I, function mp, : X — I defined
with

(1.1) mp) () = Ay (ma(z),...,mp(z)), ze€X

is also a measure-type function of the same type as the functions m; : X — I,
i € {1,...,n}. Properties of the function m depend on the properties of the
initial functions m; : X — I, i € {1,...,n}, as well as on the properties of
applied aggregation functions Ap,). Let I be one of the intervals I; = [0,1],
I, = [0,00) or I3 = [0, o0] throughout the whole paper.

2. Aggregation functions

Aggregation functions are one type of fuzzy-operations that have found
significant use in I'T and other engineering disciplines, but also in other sciences.
There are numerous types, classes, additional possible properties and methods
of construction of aggregation functions, see [2]. Various sets of argument
values and aggregation function values are discussed in the literature. In this
article, the intervals I specified in Section [I| are considered as the mentioned
sets.

Definition 2.1 (Aggregation function). For each n € N, an n-ary aggregation
function is a function Ay, : I" — I with the following properties.

(a01) Boundary conditions hold, which particulary means that
(2.1) Ay (0,...,0) =0,
and, depending on the observed cases for interval I,
[11] for I =1, =10,1],
(2.2) A[n](l,...,l) =1,
[12] for I = I, =[0,00),

(2.3) lim Apy(a, ... a,) = oo,

vie{l,...,n}, a;—o0
[13] for I =I5 =0, 0],
(2.4) A[n](oo7...,oo) = 0Q.

(a02) A function A is monotonically non-decreasing in each component, i.e.,
implication

(2.5) Vi€{17...,n},ai§bi = A[n}(al,...,an)SA[n](bl,...,bn)

hold for all (ay,...,an),(b1,...,by) € I™.
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Construction of measure-type functions using aggregation functions
For n = 1, by definition is Apj(z) =2, x € I.

Some additional properties that aggregation functions can have, can be of
interest in the consideration of the construction of mentioned measure-type
functions.

Definition 2.2. An n-ary aggregation function Ay, : I" — I can have some
of the following properties.

(a03) Function Ap, is continuous.

a unction Ap,; 18 symmetric tn each component, 1.e., for each n-tuple
04) F ion Ap, i ic 1 h i fi h 1
(a1,...,a,) € I and each permutation p of the set {1,...,n} hold

A[n] ((1,17 N ,an) = A[n} (ap(l), ey ap(n)).
(a05) Function Ap, is idempotent, i.e., for each a € I holds Ay, (a,...,a) = a.
a nction A, 1s subadditive, 1.e., for all n-tuples (a1,...,a,) € an
06) Function A, i badditive, i.e., for all 1 I" and
(b1,...,by) € I" that satisfy condition (a1 + b1,...,an + b,) € I™ holds
A[n](al +b1,...,an + bn) < A[n](al, .. .,an) + A[n](bl, .. ,bn)

(a07) Function Ay, is superadditive, i.e., for all n-tuples (a1, ...,a,) € I" and
(b1,...,by) € I™ that satisfy condition (aq + by, ...,a, + b,) € I™ holds
A[n](al + bla B bn) > A[n](ah B an) + A[n](bla cey bn)

a unction Ay, is positively homogeneous, i.e., for each t > 0 and all n-
08) Function Ap, is positively h ic., for cach ¢ > 0 and all
tuples (a1, ...,a,) € I that satisfy condition (taq,...,ta,) € I"™ holds
A[n] (tay,...,tay) < tA[n] (a1y...,an).

(a09) Depending on interval I, for Ay, holds one of following implications.

[I1] For I =1, = [0, 1],
A[n](al,...,an)<1 = ViE{l,...,n}, a; < 1.
[12] For I =I5 = [0,00) and (by,...,b,) € [0,00]™,

lim Api(ar,...,ap) < o0
Vie{l,...,n}, a;—b; [n]( L ’ n)

= Vie{l,...,n}, b <.
[13] For I = I3 = [0, o0],
Apy(ar,...,a,) <00 = Vie{l,...,n}, a; < oo.
(al0) Function Ay, satisfies
Ap(ar, ... a,) =0 = Fie{l,...,n}, a; =0.

(all) Function Ap, satisfies
A[n](ah...,an) =0 = Vi€ {1,...,’0}, a; = 0.
3



Ljubo Nedovié

3. Construction of distance functions

Distance functions and metrics have significant role and application in vari-
ous scientific disciplines. Distance functions are functions that satisfy only two
simple axioms, see [1].

Definition 3.1. Let X be an arbitrary nonempty set. Distance function on
the set X is a function d : X2 — [0, 00) which has the following properties:

(d01) reflezivity, i.e.,
Ve e X, d(z,z) =0,

(d02) symmetry, i.e.,
Va,y € X, d(z,y) = d(y, z).

A distance space (X, d) is a set X equipped with a distance function d.

Some additional properties that distance functions can have can be of in-
terest in various particular applications.

Definition 3.2. Let X # (), and let d : X2 — [0, 00) be a distance function on
X. The function d may have some of the following additional properties.
(d03) Identity of indiscernibles, i.e.,
Ve,y € X, d(z,y) =0 = z=y.
(d04) Triangle inequality, i.e.,
Va,y,z € X, d(z,z) <d(z,y) +d(y, 2).
(d05) Ultrametric inequality, i.e.,
Ve,y,z € X, d(z,z) <max{d(z,y),d(y, z)}.
(d06) C-triangle inequality, i.e.,
C € [1,00), Vo,y,z € X, d(z,y) < C(d(z,2) + d(z,y)).
(d07) Boundedness, i.e.,
d:X?—=0,1 V 3a>0,d: X*—[0,a].

Distance functions are one of measure-type function. In accordance with
formula (1.1]), starting from the initial distance functions, we can construct a
new distance function as follows.

Let n > 2. Let Apy : [0,1]" — [0,1] be an arbitrary n-ary aggregation
function, and let d; : X2 — [0,1], @ € {1,...,n} be a sequence of bounded

distance functions on the nonempty set X. Let we observe the function dj, :
X2 —[0,1] defined by

(3.1) dip)(@,y) = Ay (di(@,9), .. du(z,y), @y € X.
Theorem 3.3. For functions dj,) defined with (3.1)), the following is valid.

(a) Function dpy,) is a distance function.
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(b)

If for each of the distance functions d;, i € {1,...,n} the "identity of
indiscernibles” (d03) holds and aggregation function A, has the property
(al0), then for function dp, the "identity of indiscernibles” (d03) is also
valid.

If for at least one of the considered distance functions d;, i € {1,...,n}
“identity of indiscernibles” (d03) holds and if the aggregation function
Ay, has the property (all), then for the distance function dp,) “identity
of indiscernibles” (d03) also holds.

Let each of the distance functions d;, i € {1,...,n} be metric (satis-
fies (d03) and (d04)). Let A, : [0,00)™ — [0,00) be subadditive function
(satisfies (a06)) whose restriction on the set [0, 1] is an aggregation func-
tion which also satisfies the property (al0)), then the distance function
dp) s a metric also.

Assume that for each of the distance functions d;, i € {1,...,n} the C-
triangle inequality (d06) holds. Let Apy : [0,00)™ — [0, 00) be subadditive
and positively homogeneous function (satisfies (a06) and (a08) properties)
whose restriction on the set [0,1]™ is an aggregation function. Then for
the distance function dp,) the C-triangle inequality (d06) also holds.

Construction of fuzzy metrics

The definitions of fuzzy metrics are not unanimously accepted in the liter-
ature. For the purpose of presented results and terms in this paper see [5].

Definition 4.1. Let X # (.
(fS) For the continuous t-conorm S : [0,1]2 — [0,1] and for the fuzzy set s :

X2 x

(0,00) — [0,1], the ordered triple (X, s, S) is a fuzzy S-metric space and

fuzzy set s is a fuzzy S-metric if for all x,y, z € X and all «, 8 > 0 satisfies the
following conditions.

(1)
2)
3)
(4)
()

s(z,y, @) € [0, 1),

s(z,y,a) =0 & ==y,

s(x,y,a) = s(y, z,a),

S (s(e,y,a),5(y, 2, 8)) = s(x, 2,0 + §),

Function 5 : (0,00) — [0, 1], (t) = s(x, y,t) is a continuous function.

(fT) For the continuous t-norm 7' : [0,1]2 — [0,1] and for the fuzzy set ¢ :

X2 x

(0,00) = [0,1], the ordered triple (X,t,T) is a fuzzy T-metric space and

fuzzy set t is a fuzzy T-metric if for all x,y, z € X and all a, 8 > 0 satisfies the
following conditions.

(1)
(2)

t(z,y, o) € (0,1],

tr,y,0) =1 & v=y,
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(3) t(x’ y? a) = t(y’x’ a),
(4) T (t(x,y, ), t(y, 2, B)) < t(z, 2,00 + ),
(5) Function ¢ : (0,00) — [0,1], £(t) = t(z,y,t) is a continuous function.

In the following theorem, according the formula is presented a method
for a fuzzy S-pseudo metric and fuzzy T-pseudo metric construction by applica-
tion of aggregation function on the sequence of initial fuzzy S-pseudo metrics,
i.e., initial fuzzy T-pseudo metrics, see [5]. For a definitions of aggregation func-
tion which is continuously compatible with continuous t-conorms Si,...,S,
with respect to a continuous t-conorm S, and aggregation function which is
continuously compatible with continuous t-norms 77, ..., T, with respect to a
continuous t-norm 7T see [5].

Theorem 4.2. Let Ap, be a continuous n-ary aggregation function.

(afS) Let aggregation function Ap, be continuously compatible with continuous
t-conorms Si, ..., Sy with respect to a continuous t-conorm S. If the functions
s;: X2 x (0,00) = [0,1], 3 € {1,...,n} are fuzzy S-pseudo metrics on X; # 0,
i €{1,...,n} with respect to the t-conorms S;, i € {1,...,n} respectively, then
for X = X1 x -+ x X, function s : X2 x (0,00) — [0,1] defined with

(41) S(Ivya Oé) = A[n} (Sl(zlay17a)7 L) Sn(l"mym O[)) )
x=(21,...,Zn),¥= (Y1,---,9n) € X, a >0 is the fuzzy S-pseudo metric in a

broader sense with respect to t-conorm S.

(afT) Let aggregation function Ay, be continuously compatible with continuous
t-norms T, ..., T, with respect to a continuous t-norm T. If the functions
ti: X2 x (0,00) = [0,1], 3 € {1,...,n} are fuzzy T-pseudo metrics on X; # 0,
i € {1,...,n} with respect to the t-norms T;, i € {1,...,n} respectively, then
for X = X1 x -+ x Xy, function t : X2 x (0,00) — [0,1] defined with

(42) t(.’E, Y, a) - A[n] (tl(xla Y1, Oé), s ;tn(xna Yn,s a)) ’

= (21, .., Zn), ¥ = (Y1,.--,Yn) € X, a > 0 is the fuzzy T-pseudo metric in
a broader sense with respect to t-norm T.

5. Construction of fuzzy measures

There are many definitions and types of fuzzy measures and non-additive
measures, see [6]. In this paper, some types of fuzzy measures and their con-
struction will be considered, see [3].

Definition 5.1. Let A be a o-algebra on the set X # (). Function m : A — T
is a fuzzy measure on A if

(fm1) m(0) =0,
(fm2) VA, Be A, AC B = m(A4) <m(B).

Fuzzy measures can have many other important properties.
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Definition 5.2. Let m : A — I be a fuzzy measure defined on o-algebra A4 on
the set X.

(fm3) m is continuous from below if for every family of sets A; € A, i € N nested
as A; C A, C ... holds

(5.1) m (G Ai> = Z11{1010 m(A;).

(fmd4) m is continuous from above if for every family of sets A4; € A, i € N
nested as A; O As D ... and satisfying that there exists ng € N such
that m(A,,) < oo holds

(5.2) m (ﬁ AZ) = Z1;11;10 m(A4;).

(fmb) m is subadditive if for each disjoint pair of sets A, B € A holds
(5.3) m (AU B) <m(A) +m(B).

(fm6) m is superadditive if for each disjoint pair of sets A, B € A holds
(5.4) m (AU B) > m(A) + m(B).

For n > 2, let Ap,) : I" — I be an n-ary aggregation function, and let
m;: A—1I,i€{l,...,n}beasequence of fuzzy measures on .A. In accordance
with formula (1.1]), let we observe the function my,) : A — I defined by

(5.5) Mip) (A) = A[n] (m1 (A), R mn(A)) , Ae A

Properties of function my,) depends on properties of aggregation function
A,y and properties of initial fuzzy measures m;.

Theorem 5.3. Function my, defined by (5.5)) is a fuzzy measure on A. Ad-
ditionally, the following statements hold.

(a) Let all fuzzy measures m;, i € {1,...,n} be continuous from below. If
App) is an continuous aggregation function, then fuzzy measure mpy,) is
also continuous from below.

et all fuzzy measures m;, i € {1,...,n} be continuous from above.

b) Let all i 1 b ti b 1
An) be a continuous aggregation function and, in the case I = [0, 00], let
Apn) additionally have property (a09). Then fuzzy measure myy,) is also
continuous from above.

(c) Let all fuzzy measures m;, i € {1,...,n} be subadditive. If Ap, is a sub-
additive aggregation function, then fuzzy measure mpy,) is also subadditive.

(d) Let all fuzzy measures m;, i € {1,...,n} be superadditive. If Ap,) is a
superadditive aggregation function, then fuzzy measure my,) is also super-
additive.
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Conclusion

As for distance functions, fuzzy metrics, and fuzzy measures, construction

proposed by (|1.1)) can be applied on other measure-type functions.
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