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Abstract. The OWA operators are useful tools in muticriteria decision-
making. The BIOWA operators are a generalization of OWA operators.
The orness measure for some operator gives information about the sim-
ilarity of aggregation to OR (Max) operator. In this paper an overview
on OWA and BIOWA operator and their orness measure are presented.
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1. Introduction

An aggregation function is a function that processes together several nu-
merical values to obtain a single representative value [2]. These functions have
numerous applications, in economy, finance, computer sciences, image process-
ing, etc. The ordered weighted averages (OWA) introduced by Yager [13] form
a special class of aggregation functions that includes the arithmetic average,
minimum, maximum and median. The OWA operators are useful in muti-
criteria decision-making, and also in other fields where ranking is important
([I5]). As a generalization of OWA operators, the bipolar ordered weighted
averages (BIOWA), recently were introduced by Stupinanové and Jin [12] and
later studied by Mesiar et al. in [9]. These new bipolar aggregation functions
are based on the bipolar Choquet integral [I]. Besides the bipolar Choquet
integral, other types of bipolar integrals were introduced [3, 4} 10, [IT]. The
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notion of bipolarity in the framework of multi-criteria decision making was ob-
served by Jin et al. in [5]. Recently, several other generalizations of OWA were
studied ([6l, [7, [§]).

The paper is organized as follows. In Section [2] we give an overview on
the function aggregations and notations that is used in the rest of paper. In
Section [3] we present the OWA operator with related the orness measure. The
BIOWA operators and the measure of orness associated with BIOWA are given
in Section [l

2. Preliminaries

Let I be a nonempty subinterval of [—oco,00]. A function of n variable
F : 1" — T that is nondecreasing in each variable and that satisfies the boundary
conditions

inf F(f1, fo, ey fn) =1nfl i sup F (f1, fo, .oy fn) =supl.
(f1:fz,es fn) €I (f1:f2se fn)EIM

is an aggregation function on I [2]. Moreover, F' is a symmetric aggregation
function if

F(f1>f27~'7fn) = F(fT(l)?fT(Q)?"'?fT(n)) )

for all (f1, fo, ..., fn) € I"™ and any permutation of indexes 7.

In the rest of this paper we consider a non-empty finite set X =
{z1,29,...,2,} with card(X) = n. Let f is a real-valued function on X,
we denote f(x;) = fi,i=1,...,n.

3. OWA operator

Let us recall the definition of an OWA operator proposed by Yager [13].

Definition 3.1. An OWA operator is a mapping OWAy, : R™ — R that has
an associated weighting vector w = (w1, ..., w,) with the following properties

wy+we+--tw, =1 and 0<w; <1,i1=1,...,n
given by
OWAW (f) = Z wifa(n—i+l)7
i=1

IN

where a = (a(1),...a(n)) is a permutation of indexes such that fo1) < fa(2)
o < famy, for alli.

In the next example some notable OWA operators are given.

Example 3.2. For

(i) w = w* where w* = (1,...,0) we have OWAy- (f) =
max {f;| z; € X},
(i) w = w, where w, = (0,...,1) we have OWAy, (f) =

min {f; | z; € X},

(iti)) W = W ape where Waye = (=

PRI

S
pen

©
Il
-

-, 1) we have OWAy, ,,. (f) =
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It holds
OWA,,, (f) < OWA,, (f) < OWAw- (f),

where w is an arbitrary weighting vector.

3.1. The orness measure for OWA operator
The orness measure for OWA operator was introduced by Yager [13].

Definition 3.3. The orness measure for an OWA operator that has an asso-
ciated weighting vector w is defined by

orness (OWAy,) = e Z (n — i) w;.
n :

Obviously, we have
orness (OWAy+) = 1, orness (OWA,,, ) = 0 and orness (OWA,,,,.) = 0.5.

The orness measure gives information about closeness some OWA operator
to the operator OWA,,-. If orness (OWA,,) < 0.5, then this operator is ”orlike”
operator, in the case that orness (OWAy,) > 0.5 then it is ”andlike” operator
[14].

The measure of orness associated with a regular increasing quantifier (RIM),
i.e., an increasing function @ : [0, 1] — [0, 1] that fulfills @ (0) =0 and Q (1) =
1, also was observed in [14]. Hence, for w; = Q (%) -Q (%) we have the
operator in the following form

owa,e (=3 (@ (;) ~Q(50)) fataeinn

=1

and

n—1
orness (OWA o) = E Q <Z>
n

=1
The orness of a RIM quantifier @) is defined by

1
orness(Q):nli_)I%O”_le( > /Q
0

Example 3.4. For
(1) Q(xz) = Q* (x) where Q* (z) = {

w* and orness (Q*) = 1,

(ii) Q (x) = Qu« (z) where Q, (x) = {
w.. and orness (Q,) =0,

(111) Q(x) = Qave () where Qave (x) = x, © € [0,1], we get weighting
vector W gpe and orness (Q ape) = 0.5.

If Q(z) > z for all x, then @ is "orlike” and orness (@) > 0.5, and if
Q (z) <z for all z, then Q is "andlike” and orness (Q) < 0.5 [14].
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4. BIOWA operator

In this section BIOWA operator and related the orness measure are pre-
sented, according to [9]. Denote

N ={(i,5) | i,j € {0,1,...,card(X)},i +j < card(X)} .
Lett: N — [—1, 1] be a function such that the following conditions are satisfied:
(i) t(n,0)=1,¢(0,0) =0, t(0,n) = —1,
(ii) ¢ is increasing in the first coordinate,
(iii) ¢ is decreasing in the second coordinate.
The class of functions f : X — R is denoted by S. For f € S, we use notations
X*0={z;i € X[ f(x:) 20}, X~ = {2 € X[ f(a:) < 0}.
Observe a function s : X — {(1,0),(0,1)} defined by

_ (LO) » La(i) € X+Oa

(4.1) (i) = { (0,1), Zagy € X,

where a is any permutation of indexes such that | fo1)| < [fa@2)l < -+ < | faml-
Denote

(4.2) wi=t(> s(x) | —t| D s(z) ],
j=i j=i+1

where 337 . s (25) = (0,0).
An BIOWA operator BIOWA; : R™ — R is given by

<

BIOWA, (f) = > _w! - |faq);
i=1

where weights w; and s are given by (4.1]) and (4.2), respectively. The vector
ws = (wi,..,ws) is weighting vector, w; are weights and function ¢ is called a
generating function. Any BIOWA operator is a symmetric aggregation function

on R.
Example 4.1. For

1, x>0,
(i) t(x,y) = t*(x,y) where t* (z,y) = 0, x=0,y<mn, we have
-1, y=mn,
BIOWA,- (f) = max {f; | z; € X},
1, x=n,
(i1) t(z,y) = t«(x,y) where t, (z,y) = 0, z<ny=0, we have
713 y<mn,

BIOWAt* (f) = min {fl | x; € X} s
(i) t(x,y) = tave(z,y) where tae(v,y) = =2, we have

BIOWA,,. (/)= 13" f.
=1
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The BIOWA operator BIOWA; : R — R is OWA operator if and only if
t(z,y) =ty (z,y) =g(x)—1+g(n—y), where g: {0,1,...,n} = [0,1] is an
increasing function that fulfills the conditions ¢ (0) = 0 and g (n) = 1. In that
case w; =g(n—i+1)—g(n—1) and

BIOWA:, (f) =Y w; - f1),
i=1

where v is a permutation of indexes such that f,1) < fy2) <+ < fym)-

4.1. The orness measure for BIOWA operator

The orness measure for BIOWA operator was introduced in [9].

Definition 4.2. The orness measure for an BIOWA operator BIOWA; is de-
fined by

1 . -
n-1)(n+2) > t(ig) +05.

(i.)EN

orness (BIOWA;) =

It holds:
orness (BIOWA,+) = 1, orness (BIOWA;, ) = 0 and orness (BIOWA,, ) = 0.5.

In [9) the BIOWA-quantifiers were introduced and similar as the orness for
RIM quantifiers, the orness for BIOWA-quantifiers was proposed.

Let us observe the lattice (L, <r) where L = {(u, v) € 0,1 lu4+v <1 }
and (u1,v1) <p, (ug,vs) iff uy < wug and vy < we. If T : L — [—1,1] is an order
homomorphism between lattices (L, <p) and ([0, 1], <) satisfying T (0,0) = 0,
then T is called a BIOWA-quantifiers.

The orness of a BIOWA-quantifier T' is defined by

orness (T') = //T (u, v) dudv + 0.5.
L

Example 4.3. For

1, u>0,
(1) T (u,v) = T* (u,v) where T* (u,v) = 0, u=0,v<1, we have
-1, v=1,
orness (T*) =1,
1, u=1,
(i) T (u,v) = T (u,v) where Ty (u,v) = 0, u<l,v=0, we have
-1, v<1,

orness (T,) = 0,
(iti) T (u,v) = Taye(u,v) where Taye(u,v) = u — v, we have
orness (T'aype) = 0.5.
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