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Abstract. For a given bipolar fuzzy number vector Y and a real matrix
A, the system of equations AX = Y is called a bipolar fuzzy linear sys-
tem, where X is an unknown bipolar fuzzy number vector. We present
a new method for solving bipolar fuzzy linear systems with a unique so-
lution and illustrate this new approach by an example.
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1. Introduction

Fuzzy linear systems (FLS), introduced by Friedman et al. in [5], arose
as a generalization of linear systems. There are numerous papers devoted to
FLS of Friedman et al.’s type. In [2] Allahviranloo and Ghanbari presented a
new, efficient method for obtaining exact algebraic solutions of a square FLS
whose coefficient matrix is non-singular. The application of inner inverses ({1}-
inverses) in solving fuzzy linear systems was consequently studied by numer-
ous authors. A general algebraic solution of fuzzy linear systems of Friedman
et al.’s type was characterized for the first time by Mihailović et al. in [6].
Also, the algorithm for solving non-square FLS based on the Moore-Penrose
inverse of its coefficient matrix was presented in this paper. Recently, in [8],
a straightforward method for solving m × n FLS AX̃ = Ỹ was introduced, as
a generalization of the obtained results from [6, 7]. The first straightforward
method for solving dual fuzzy linear systems using arbitrary {1}-inverses of its
coefficient matrices was introduced by Dragić et al. in [3, 4].

Bipolar fuzzy linear systems (BFLS) were introduced in [1]. The main aim
of this paper is to propose a new method for solving square BFLS with a unique
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solution. The paper is organized as follows. In Section 1, some preliminaries
related to bipolar fuzzy numbers and bipolar fuzzy linear systems are presented.
In Section 2, the general form of unique (strong) solutions of square BFLS is
presented and an illustrative example is given.

2. Bipolar fuzzy linear systems

Recall some basic definitions and terminology ([1, 5, 7]).

Definition 2.1. [1] A bipolar fuzzy set (BFS) u in parametric form is a quadru-
ple ≺ uP , uP , uN , uN � of the functions uP (r), uP (r), uN (s), uN (s); 0 ≤ r ≤ 1,
−1 ≤ s ≤ 0, satisfying the next conditions:

(i) uP (r) is a bounded monotonically increasing (non-decreasing) left-
continuous function on a set (0, 1] and right-continuous at point 0,

(ii) uP (r) is a bounded monotonically decreasing (non-increasing) left-
continuous function on a set (0, 1] and right-continuous at point 0,

(iii) uN (s) is a bounded monotonically decreasing (non-increasing) left-
continuous function on a set (−1, 0] and right-continuous at point −1,

(iv) uN (s) is a bounded monotonically increasing (non-decreasing) left-
continuous function on a set (−1, 0] and right-continuous at point −1,

(v) uP (r) ≤ uP (r),

(vi) uN (s) ≤ uN (s).

The set of all bipolar fuzzy numbers will be denoted by B. For u, v ∈ B, in
parametric form u =≺ uP , uP , uN , uN �, v =≺ vP , vP , vN , vN � any real
number k, we define:

1. Addition: u + v =≺ uP + vP , uP + vP , uN + vN , uN + vN �,

2. Scalar multiplication: ku =

{
≺ kuP , kuP , kuN , kuN �, k ≥ 0,

≺ kuP , kuP , kuN , kuN �, k < 0,
3. Equality:

u = v ⇔ uP = vP , uP = vP , uN = vN , uN = vN .

We will use the next notation and terminology. Let BVn denotes the class of
all n-dimensional bipolar fuzzy number vectors. Let X = (x1, . . . , xn)T denotes
a bipolar fuzzy number vector, where xi ∈ B, xi =≺ xP

i , x
P
i , x

N
i , xN

i �, for all
i = 1, . . . , n. For X ∈ BVn, the associated 2n × 1 classical functional vectors
XP = (xP

1 , . . . , x
P
n ,−xP

1 , . . . ,−xP
n )T , XN = (xN

1 , . . . , xN
n ,−xN

1 , . . . ,−xN
n )T

such that all its components are the unit interval functions, will be called
the representative vectors for X. For any X ∈ BVn, the associated n × 1

classical functional vectors XP and XN , (resp. X
P

and X
N

) with the lower
(resp. upper) branches as their components, are XP = (xP

1 , . . . , x
P
n )T and

XN = (xN
1 , . . . , xN

n )T (resp. X
P

= (xP
1 , . . . , x

P
n )T and X

N
= (xN

1 , . . . , xN
n )T ).

We will use the notation X
P ≥ XP if and only if for all i = 1, . . . , n, and for

each r ∈ [0, 1], it holds xP
i (r) ≥ xP

i (r), and similarly X
N ≥ XN .

For a given Y ∈ BVn and real square matrix A of order n, the bipolar fuzzy
linear system in the matrix form is AX = Y , where X ∈ BVn is unknown.
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Bipolar fuzzy linear systems with a unique solution

For each real square matrix A of order n, denote A+ = 1
2 (A + |A|), A− =

1
2 (|A| − A), where |A| is a square real matrix of order n whose entries are the
absolute values of entries of A. Let SA be a square matrix of order 2n defined
by

SA =

[
A+ A−

A− A+

]
.(2.1)

Definition 2.2. For a given Y ∈ BVn and real square matrix A of order n, a
solution of BFLS AX = Y is any U ∈ BVn such that for all r ∈ [0, 1] it holds
SAU

P (r) = Y P (r) and for all s ∈ [−1, 0] it holds SAU
N (s) = Y N (s).

3. A unique solution of BFLS

As a new result, we present a necessary condition for the consistency of
BFLS with completely non-singular coefficient matrix. According to [2, 5],
recall that A is a completely non-singular matrix if both matrices A and |A|
are non-singular and SA is non-singular if and only if A is completely non-
singular.

Theorem 3.1. Let AX = Y be a BFLS, where A is a completely non-singular
matrix of order n and Y ∈ BVn. Let X∗P = SMY P and X∗N = SMY N ,
where M = A−1 and SM is given by (2.1). Let RP = Y P − SAX

∗P and
RN = Y N − SAX

∗N .
If the bipolar fuzzy linear system AX = Y is consistent, then there exist

VP =

[
V P

V P

]
, and VN =

[
V N

V N

]
, where V P = (vP1 (r), . . . , vPn (r))T and

V N = (vN1 (s), . . . , vNn (s))T , such that for all r ∈ [0, 1] and s ∈ [−1, 0] it holds

SAV
P = RP , SAV

N = RN , 2V P ≤ X
∗P −X∗P , and 2V N ≤ X

∗N −X∗N .
Moreover, a unique solution X of BFLS is determined by XP = X∗P +VP

and XN = X∗N + VN .

Example 3.2. Let us solve the next 2× 2 bipolar fuzzy linear system:

x1 + x2 = ≺ −2 + 2r, 5− 5r,−2− 4s, 13 + 11s �
x1 − 2x2 = ≺ −6 + 3r, 3− 6r,−17− 4s, 1 + 14s � .

Matrices A, A+ and A− of this BFLS are:

A =

[
1 1
1 −2

]
, A+ =

[
1 1
1 0

]
, A− =

[
0 0
0 2

]
.

Since both matrices A and |A| are invertible, the matrix A is completely non-
singular. The classical inverse of A is:

M = A−1 = −1

3

[
−2 −1
−1 1

]
.

First, we compute X∗P = SMY P , and X∗N = SMY N , and obtain:

X∗P =

(
−10

3
+

7

3
r,−5

3
+

8

3
r,−13

3
+

16

3
r,−11

3
+

8

3
r

)T

,

X∗N = (−7− 4s,−1− 6s,−9− 12s,−10− 5s)T .
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We obtain RP = Y P − SAX
∗P =

(
3− 3r, 14

3 −
14
3 r, 3− 3r, 14

3 −
14
3 r
)T

and
RN = Y N −SAX

∗N = (6 + 6s, 10 + 10s, 6 + 6s, 10 + 10s)T . Further, the unique
solutions of SAV

P = RP and SAV
N = RN are:

VP =

(
4

3
(1− r),

5

3
(1− r),

4

3
(1− r),

5

3
(1− r)

)T

,

VN = (2(1 + s), 4(1 + s), 2(1 + s), 4(1 + s))T ,

respectively. In order to obtain a bipolar fuzzy number vector, i.e., in order
to xP

i (r) ≥ xP
i (r) be fulfilled for i = 1, 2 and each r ∈ [0, 1], V P should to

satisfy the next necessary condition 2vPi (r) ≤ xi
∗P (r) − x∗P

i (r), i = 1, 2, for
each r ∈ [0, 1]. In that sense, the obtained V P is feasible, similarly, V N is
feasible, therefore, the unique solution of BFLS is X = (x1, x2)T , given by:

x1 = ≺ −2 + r, 3− 4r,−5− 2s, 7 + 10s �,
x2 = ≺ r, 2− r, 3− 2s, 6 + s � .
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