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Abstract. We compute several vertex-degree-based topological indices
of graphs defined by catacondensed coronoid systems. We do this by
using our recently proposed formulae for graphs defined by finite sets of
hexagons of arbitrary topology in the hexagonal grid, and the associated
M-polynomial.
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1. Introduction

Let S be a set of h hexagons in the hexagonal grid, which may or may not
be (simply) connected, with 5y connected components, 51 holes and the Euler
characteristic x = o — f1. Let G = (V, E) be the simple plane graph with n
vertices and m edges, induced by S: the vertices and edges of G correspond
to the vertices and edges of the hexagons in S, respectively, in the obvious
manner. In chemical graph theory, such sets are used to model molecules.
Simply connected sets S are called benzenoid systems [6], and connected sets
with one hole are coronoid systems [4].

The degree d, of a vertex v is equal to the number of the edges incident
to v. The number of the vertices in V of degree i is denoted by n;, ¢ € {2,3}.
The number of the edges connecting a vertex of degree i to a vertex of degree
J (type ¢,j edges) is denoted by m; j, i, € {2,3}, i < j. Boundary edges
are incident to exactly one hexagon in S. Boundary vertices are incident to
boundary edges. The number of boundary edges of type 3,3 is denoted by mj 5.
Non-boundary vertices are called interior. Their number is denoted by n;.

A topological index of a graph G is a real number associated with G. The
general form of a vertex-degree-based topological index I(G) of a graph G is
given by

(&= fdudy),

weE(G)

IDepartment of Fundamental Sciences, Faculty of Technical Sciences, University of Novi
Sad, e-mail: comic@Quns.ac.rs

2Department of Fundamental Sciences, Faculty of Technical Sciences, University of Novi
Sad, e-mail: nralevicQuns.ac.rs


https://orcid.org/0000-0001-9664-2160
https://orcid.org/0000-0002-3825-9822
https://doi.org/10.24867/META.2025.04
mailto:comic@uns.ac.rs
mailto:nralevic@uns.ac.rs

26 Comié, Ralevié

where f is a real function such that f(z,y) = f(y,z). Several dozens of well-
known indices have been defined, varying over the choices of f. In chemical
graph theory, graph indices have been repeatedly shown to be apt for describ-
ing and predicting chemical, physical and biological properties of associated
chemical compounds.

We will consider five such indices, obtained by choosing f as follows:

1. f(z,y) = x + y for the first Zagreb index M; [§],
2. f(z,y) = xy for the second Zagreb index Ms [7],

3. f(z,y) = (zy)®, a € N, for the general Randié¢ index R, (variable second
Zagreb index M [9]),

4. f(x,y) = 1/(xy) for the second modified Zagreb index ™M (first order
overall index [I]),

5. f(z,y) = :”2;;3’2 =T+ 4 for the symmetric division deg index SDD [10].

It is well known [5] that these indices can alternatively be obtained from the
M-polynomial

M(z,y) = 7”2,21‘23/2 + m2,3172y3 + 7713,31333/3
of G through differentiation or integration as follows
L. My = (Ds + Dy)(M(z,y))|z=y=1,
2. My = (Do Dy)(M (2, y))|a=y=1,
3. Ro =" My = (D3 D) (M(2,y))|e=y=1,
4. MMy = (S:Sy) (M (2,y))|e=y=1

5. SDD = (DzSy + DySe)(M(2,y)) | a=y=1,

where
D.(01(e.) =22, D, (0, ) =y 2D,
and
Mt y) [ M(,t)
Sy (M(x,y)) = dt, Sy(M(z,y)) = dt.
s s 2

For simply connected sets S, there are different formulas for mg 2, mg 3 and
m3,3 in terms of other, easier to determine and chemically significant, graph
invariants [0]. Interestingly, despite the long history and large body of research
on vertex-degree-based topological indices for simply connected sets S, these
formulae have only recently been extended to sets S of arbitrary topology by
the present authors [2] as follows:
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moo = m}“,’g + 6X
(1.1) mag3 = 4h—2n; —4x —2mj
m33 = h+mn;—x+mj;

Here, we further demonstrate the versatility of our formulae by determining
the numbers mg 2, ma 3, m3 3, the M-polynomial and the associated indices for
catacondensed coronoid systems.

2. Vertex-degree-based topological indices of catacon-
densed coronoid systems

Catacondensed coronoid system .S has exactly one hole and no inner vertices
(thus, x =1 —1 =0 and n; = 0). The hexagons in S are in one of the two
configurations, called Lo (linear) and As (angle or corner), as illustrated in
Figure |1 (a). They can be cyclically ordered so that each hexagon shares an
edge with the previous and the next one, and there are no more adjacencies
among the hexagons in S (see Figure[l] (b)).

\\

_
(a) (b)
Figure 1: (a) A linear (left) and corner (right) hexagon. (b) A coronoid system
with a = 8 and [ = 5.

We will obtain the M-polynomial and the associated indices of a catacon-
densed coronoid system with h hexagons, among which there are a corners and
l = h — a linear hexagons.

Theorem 2.1. For the graph G of a catacondensed coronoid system with a
corners and l linear hexagons, it holds

M(G) = az?y?+ (2a+ 4)2%y® + (2a + 1) 23y3>.
Proof. We have that
maa = Mmi3=a

mo3 = 4h—2m2}2:4h—2a:2a+4l
mz3 = h+mea=h+a=2a+1
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The first equality follows from (1.1}, and the fact that type 2,2 and type 3,3
edges come in pairs which belong to corner hexagons (see Figure [1] (a)). The
second and third equalities follow from the first one and from (|1.1)).

O

Corollary 2.2. For the graph of a catacondensed coronoid system, it holds

My = (Dy+ Dy)(M(2,y))lo=y=1
= 4da+52a+4)+6(2a+1)
— 26 + 261,
My = (DyDy)(M(z,y))|e=y=1

= D,(2az*y* + 3(2a + 41)2*y® + 3(2a + 1)2%y?) | = y=1
= (4az’y* +6(2a + 41)2%y3 + 9(2a + )23y3)|s=y=1
= 34a+ 33!,

Ra = (DEDS)(M(@,y))lamyer
= D,(2%z?y? + 3%(2a + 41) + 3%(2a + 1) 23y3)| s—y=1
= (4%az?y* + 6“(2a + 41)2%y® + 9%(2a + 1) 23y3) | smy=1
= (4% £2-6%+2-9%)a + (4-6% +9%)L,

"My = (S2Sy)(M(x,y))|z=y=1

Y
= So([(az?t + (2a + 4)2?t* + (2a + D)23t?)dt) | p=y=1
0

= Su((3az?y®+ %(Qa + 4?3 + %(2@ + D)23y3)) | pmy=1

x
- (g“(%atgﬂ + 1(2a + 4Dty + 3 (2a + Dt2y®)dt)|o—y—1

= (Yaa?y® + L(2a + 402y + §(2a + D)aPy®)) a=y=1

_ 29 7
= 360+t gl

SDD = (D18, + DS (M(w, ) a—yer
= (Do(3ax?y? + 1 (2a + 4122y + 3 (2a + 1)xdy®)+
Dy(3az?y? + (2a + 41)2?y® + 2 (2a 4+ 1)23y®)) |p=y=1
= (az®y® + 2(2a + 42?3 + (2a + D)a3y>+
@y + 320 + WP + (20 + 0% |amymn

(a+22a+4l)+2a+1)+a+3(2a+40) + (2a+1)
%a—!—%l.
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3. Discussion

We have determined several vertex-degree-based indices of catacondensed
coronoid systems using our recently proposed formulae [2] and the associated
M-polynomial. In that way, we extended our previous work on a special class
of such systems, called fenestrenes [3]. We are currently working on develop-
ing analogous formulae for other chemically significant grids, which have been
completely neglected in this regard despite considerable amount of attention
given to the hexagonal grid.
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