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Abstract. In this paper, we investigate several fundamental proper-
ties of the extended Gevrey classes. Furthermore, as an application, we
construct wavelets whose regularity is characterized by these classes.
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1. Introduction

We will give a short review on some of the properties of the extended Gevrey
classes. Moreover, we will use the following function

fp,o(t) = e—pga(%)7 p>0,0>1,
where
Ina-7 (1+ |t
go(t) = (1+t]) 7
W=t (In(1 + |t]))

(1.1)

and W denotes the principal branch of Lambert W function, to construct a
wavelet which is extended Gevrey regular in both time and frequency domains.

Extended Gevrey classes were introduced in [10] to describe regularity be-
tween the Gevrey classes and C'°°. The derivatives of their elements are con-
trolled by sequences of rapid growth

(1.2) (M7 =p™ }peny, T3>0, 0> 1

These classes provide an important example of weight matriz classes of ultra-
differentiable functions (see [5l [13]). Moreover, the function in ((1.1]) can be
estimated in terms of the associated function corresponding to the sequences

1This research was partially supported by the Science Fund of the Republic of Serbia,
#GRANT No. 2727, Global and local analysis of operators and distributions - GOALS,
and by the project ”Socio-technological aspects of improving the teaching process in the
English language in fundamental disciplines”, Department of Fundamental Sciences, Faculty
of Technical Sciences, University of Novi Sad.

2Department of Fundamental Sciences, Faculty of Technical Sciences, University of Novi
Sad, e-mail: filip.tomic@Quns.ac.rs
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in . For some applications of the theory of extended Gevrey classes, we
refer to [1 2, [6] [7].

Lambert W function (see [9]) is defined as the multivalued inverse of
the function z +— ze® for z € C. It splits the complex plane into in-
finitely many regions. Throughout the paper we will use the notation W (z),
z € C\ (—o0, —e~ 1], for its principal branch (instead of common Wy(z)). The
boundary curve of its principal branch is given by:

{(~tctgt,t) eR?| — 7w <t <7}

2. Extended Gevrey classes

We start with the following Lemma that contains the properties of sequences
given in (|1.2)).

Lemma 2.1. Let 7 >0, 0 > 1, Mg? =1, and M7 = p™, p € N. Then
there exists constant C > 1 such that:

(M.1) (M7)* < M)° MY, peN,
(M.2)  MJ, < CPFT+a" M7 o MT27 e p g e N,

—~—

(M.2) M}, < CP" M7, pe N,

M
(M.3) Z — < 00.
p=1 My

In addition, if oo > 01 > 1 and 79 > 0 then for every h,7 > 0 there exists
C > 0 such that

net M;;'Ovo'l < CM;,UQ

Let us briefly discuss the borderline case o = 1. Note that M, := Mg’l =

e~

p ™, 7 > 0, is the Gevrey sequence, and the conditions (M.1), (M.2)’, and

—_~—

(M.2) are classical Komatsu conditions (M.1), (M.2)’, and (M.2), respectively.
Moreover, M, satisfies condition (M.3)" if and only if 7 > 1, which ensures that
the corresponding ultradifferentiable classes contain functions with compact
support (see [§]). The proof of Lemma is given in [I0].

Next we define extended Gevrey classes &; »(R).

Definition 2.1. Let 7 > 0 and o > 1 and Mg"’ = p”’n forp eN, MJ’” =1.
A smooth function ¢ belongs to E; »(R) if

(VK cc R)(3C > 0) sup 6P ()| < CP" M7, p € N,.
xre
We denote

gU(R) = U gT,U'(R)'

7>0
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Again for 0 = 1 we obtain some of the well-known classes. For instance
that A(R) := &1 1(R), and G;(R) := &; +(R) for ¢ > 1; these are the spaces of
locally analytic functions and Gevrey functions of order ¢, respectively.

In the following Proposition we collect some of the basic properties of the
extended Gevrey classes. The proof relies on the properties of M7 given in
Lemma [2.1] (see [10} [T} 12} 13]).

Proposition 2.1. Let 7 > 0 and o0 > 1. Then

i) For s > o1 > 1 we have

AR) C [ JG(R) C () &ror(R) C &0, (R) C &, C &,y € CZ(R).

t>1 >0

1) &.0(R) is closed under the pointwise multiplication.
i11) &7 5(R) is closed under finite order derivation.

i) &r.5(R) is closed under superposition. In particular, if F(z) € AR) and
f(@) € &0 (R) then F(f(z)) € &r0(R).

v) &r.0(R) is invariant under translations and dilatations.
Let us define a function associated to M7, p € No.

Definition 2.2. Let 7 > 0 and 0 > 1. Then the associated function to the
sequence M7 is given by

kP
2.1 T 5(k) = sup In —,
(21) (k) = sup In

k> 0.

In the following Theorem we estimate T, ,(k) in terms of the Lambert W
function. The proof can be found in [13], and for a more general version we
refer to [12].

Theorem 2.1. For 7 >0 and 0 > 1 we have

L In7oi(1
T (k) =m0 A ER)
Wt (In(1+ k)

)

k>0.

In particular, T: 5 (|k|) < pgo(k), k € R, for p = 77T where g, is given in
(L.1).

Next we discuss the connection between functions given in (1.1)), sequences

in (1.2) and associated function (2.1)).

Let us define

hro(t) i=e "o/ = inf MT7tP, t>0.
PENg

Then Theorem implies that for any p > 0 and o > 1 there exist constants
A, B, 1,7 > 0 such that
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(2.2) Ahr, o ([t]) < fp.o(t) < Bhr, o ([t]), ¢ €R,

where f, , is given in ([L.1)). Note that the right-hand side of (2.2)) implies that
for any given p > 0 there exists Bi, 7 > 0 such that

o(t
(2.3) sup foo() <BM;°, péeN.

t>0 tP

Estimate (2.3 (together with Caushy’s integral formula) can be used to
prove that

(2.4)

fog.0(t) =exp {eflfofll (ln (1 + |1|)) In7"1 (1 + ;) } ,teR,

is an example of the extended Gevrey function. In particular, following Propo-
sition holds.

Proposition 2.2. If 0 > 1 and the function f, - is given in (2.4) then:
a) lim,o f§ (t) =0, j €N,

b) fo, o(t) € E(R).

We conclude this section with the Paley—Wiener theorem, which connects
the time-domain regularity of a function with its decay rate in the Fourier
domain. The decay rate we use is given in the following definition.

In7"1(1
Definition 2.3. Let 0 > 1 and ¢,(§) = i 11+ [€) be as in (L.1). A
W==1(In(1 + [£]))

continuous function f(§) belongs to T, (R), if there exist p > 0 and C > 0 such
that

FEI<Ce7®, ¢er.
We now state the Paley—Wiener theorem. For the proof we refer to [12].

Theorem 2.2. Let o > 1.

a) Let ¢ be a C™ function with compact support. If p(x) € E,(R) then
2(8) € To(R).

b) If the function ¢ is such that p(&) € T, (R) then ¢(z) € E,(R).
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3. Wavelet construction

In this section, we use the functions given in to construct an orthonor-
mal wavelet 1 such that both ¢ and its Fourier transform 1/3 belong to &£, (R).
Our construction follows the ideas of multiresolution analysis (MRA for short,
see [3, []). We refer to [14] for the construction of band-limited wavelets, that
is, wavelets whose Fourier transform has compact support.

Let mo(§) be a low-pass filter of the orthonormal wavelet that satisfies
following minimal requirements:

i) myg is a continuous, even, 27— periodic function on R, mg(0) = 1,

ii m 0,
) o it mo(©)] #

ill) mo (€)1 + Imo(€ +m)* =1

Then the Fourier transform of the scaling function @ is continuous and
H me(279¢), €eR.

Moreover, if mg is smooth then ¢ is smooth.
Fourier transform of the orthonormal wavelet is then given by

(3.1) D) = ei%mo(g n W)gb(g), £ER.

In particular, it is sufficient to construct a low-pass filter that belongs to &,.
The properties of extended Gevrey classes given in Proposition 2.1} together
with the Paley—Wiener theorem ([2.2)), imply that the orthonormal wavelet de-

fined in (3.1)) satisfies v, S E;(R).

We construct the desired low-pass filter as follows. Let

L fo(n) ,n>0
Yo (1) = {0 <0,

where f, = fi1,, is given in (L.1).
For

(fol Yo (M)7o (1 — 1) dn)il JE e (L=n)dy  £>0
0 ,§ <0,

65(§) =

Let us define

0,(€) = (1—5(, (553;”» 5 ('5_;; ) ce [gw) de (o%]

Note that 6, can be extended to [0,27] by 0,(§) + 0,(§ + 7) = 1, and then
further extended on R so that it is 27 periodic.
Finally, low-pass filter mg € &, is given by

mo(€) = sin (geg(g)) EER.

The further details concerning wavelet construction can be found in [I5].
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Sazetak. Fulereni su alotropi ugljenika koji imaju Suplju, kaveznu struk-
turu. Atomi u molekulu rasporedeni su u petougaone i Sestougaone prste-
nove tako da je svaki atom povezan sa jo$ tri atoma. Jednostavni poliedri
koji imaju samo petougaone i Sestougaone strane predstavljaju matema-
ticki model za fulerene. Kazemo da fulleren sa n temena ima magi¢no
svojstvo ako se brojevi 1,2,...,n mogu dodeliti njegovim temenima ta-
ko da su zbirovi brojeva u svakom petouglu jednaki i zbirovi brojeva
na svakom Sestouglu jednaki. Pokazujemo da Cs,+4 ne dozvoljava ta-
kvo uredenje za sva n, dok fuleren C24 ima mnogo neizomorfnih takvih
uredenja.

AMS Mathematics Subject Classification (2020): 00A08

Kljuéne reci i izrazi: magi¢no svojstvo, fulerenu, Cas

1. Uvod

Pre ¢etrdeset godina, ser Harald V. Kroto, Robert F. Karl, mladi i Ricard
Smoli otkrili su prvi fuleren Cgg, takode poznat kao bakminsterfuleren ili ,,ba-
kibol”, vidi []. Za ovo otkri¢e dobili su Nobelovu nagradu za hemiju 1996.
godine. Identifikacija fulerena znacajno je prosirila spektar priznatih alotropa
ugljenika, koji je ranije bio ograni¢en na grafit, dijamant i amorfne forme uglje-
nika kao Sto su ¢ad i ugalj. Nakon otkri¢a bakminsterfulerena, potvrdeno je
postojanje sliénih struktura sa 70, 76, 78, 82, 84, 90, 94 ili 96 atoma ugljenika.
Oni su bili u fokusu opseznih istrazivanja, kako u vezi sa njihovim hemijskim
svojstvima, tako i sa tehnoloskim primenama, naro¢ito u nauci o materijalima,
elektronici i nanotehnologiji.

Eksperimentalno proucavanje fulerena bilo je praceno teorijskim
istrazivanjima zasnovanim na matematickim modelima molekula fulerena
koji se nazivaju fulerenski grafovi. Temena grafova predstavljaju atome,
a grane veze izmedu atoma u molekulu. Matematicki, fuleren je 3-povezan
3-regularan ravanski graf koji ima samo petougaone i Sestougaone strane. Ekvi-
valentno, matematicki fuleren moze se posmatrati kao jednostavan 3-poliedar

¢ije su strane petougaonici ili Sestougaonici. Ojlerova formula implicira da broj

1Prvi autor je podrzan od Ministarstva nauke, tehnoloskog razvoja i inovacija Republike
Srbije kroz institucionalno finansiranje Matematickog instituta SANU.

2Matematicki institut SANU, Beograd, Srbija e-mail: |djbaralic@mi.sanu.ac.rs

3 Amerikanska akademija Dubai, Ujedinjeni Arapski Emirati e-mail: Jadamferma-
ta@gmail.com
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petougaonih strana u fulerenu iznosi 12, dok je broj temena paran. Grinbaum
i Motzkin u [3] pokazali su da postoji fuleren sa svakim parnim n > 24 i sa
n = 20 temena, kao i da ne postoji fuleren sa n = 22 temena.

Barali¢ i Milenkovié¢ u [? ] predlozili su proucavanje jednog zanimljivog svoj-
stva motivisanog konfiguracijama magicnih kvadrata. Oni su pronasli primer
rasporeda prvih dvadeset ¢etiri pozitivna broja po dvadeset cetiri temena tro-
dimenzionalnog permutoedra tako da su zbirovi brojeva u temenima svakog
kvadrata i svakog Sestougla konstantni. Ovo svojstvo nazvali su magicnim. Po-
jam magi¢nog svojstva moze se sli¢no uvesti i za fulerene. Fuleren sa n temena
ima magi¢no svojstvo ako se prvih n pozitivnih brojeva moze pridruziti tako
da po jedno teme nosi jedan broj i tako da je zbir brojeva na svakom peto-
ugaonom licu konstantan, kao i odgovarajuci zbir za svako Sestougaono lice.
Cilj ovog rada je da predstavi i razmotri neke rezultate o magi¢nom svojstvu
fulerena.

2. Fulereni i magi¢no svojstvo
Oznacimo sa V = {vy,vs, ..., v, } skup temena fulerena C,,.

Definicija 2.1. Neka su H i P skupovi Sestougaonih i petougaonih strana na
fulerenu C),. Kazemo da fuleren C,, ima magi¢no svojstvo ako postoji bijekcija

f:V —={1,2,...,n}, nazvana magic¢na konfiguracija, takva da
> fv)=Sn, VH eH
veEH;
> fw)=S8, VP eP
veEP;

gde se zbir po petouglu S, i zbir po Sestouglu S}, smatraju magi¢nim konstan-
tama fulerena.

Fuleren moze imati mnogo razli¢itih magi¢nih konfiguracija, ukljuc¢ujudi i
one sa razli¢itim magi¢nim konstantama, §to ¢emo videti u narednom odeljku.
Medutim, magi¢ne konstante S, i Sj, za dati fuleren C,, zadovoljavaju narednu
relaciju.

Tvrdenje 2.2. Ako fuleren C,, ima magicéno svojstvo, tada
(2.1) 248, + (n —20)S, = 3n(n + 1).

Dokaz. Relacija se dobija sabiranjem brojeva preko svih strana C),, ¢ime se
dobija tri puta zbir prvih n pozitivnih brojeva, jer svako teme pripada tac¢no
trima stranama. O

Barali¢ 1 Milenkovi¢ koristili su i argument deljivosti u [? | da pokazu
da ne postoji magicna konfiguracija na dodekaedru Cs. Isti rezon moze se
primeniti na bakminsterfuleren Cgg. Kada bi postojala magi¢na konfiguracija
na Cgg, tada bi po magi¢ne konstante zadovoljavale

245, 4+ 405y, =3 - 60 - 61,
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§to je nemogude zbog toga Sto je leva strana deljiva sa 8. Zaista, argument se
neposredno generalizuje na sledeé¢i rezultat.

Teorema 2.3. Ako je n =4 (mod 8), tada fuleren C,, ne dozvoljava magiénu
konfiguraciju.

Dokaz. Pretpostavimo suprotno. Tada je 245, + (n — 20)S;, = 0 (mod 8). S
druge strane, 3n(n + 1) =4 (mod 8). Kontradikcija! O

Na osnovu kongruencija modulo 8 ne mozemo zakljuc¢iti mnogo o ostalim
slucajevima.

Tvrdenje 2.4.

g = 0 (mod 2), dakojen=0 (mod ),
"7 s (mod 4), ako jen =42 (mod 8).

Na zalost, koriséenjem ovakvih elementarnih brojevnoteorijskih argumenata
ne moze se dobiti mnogo. Radom modulo 3, najviSe §to se moze reéi je sledece.

Tvrdenje 2.5. Akon # 2 (mod 3) i fuleren C,, dozvoljava magiénu konfigu-
raciju, tada S, =0 (mod 3).

3. Magicne konfiguracije na Cyy

U prethodnom odeljku ustanovili smo nekoliko rezultata o nepostojanju
magicnih konfiguracija na fulerenima. Najjednostavniji slucaj fulerena je Caq:
njegov Slegelov dijagram dat je na slici |1} Cy4 ima 24 temena, dvanaest peto-
ugaonih i dve Sestougaone strane.

V22
V21 Vo3
T
y 0 .
V20 V24
V19

Slika 1: Schlegel dijagram za Coy

Proucavanje magi¢nih konfiguracija na Ca4 pocinjemo ispitivanjem njegovih
magic¢nih konstanti S, i Sp,. Koris¢enjem ({2.1)) dobijamo
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(3.1) 65, + Sp = 450.

Gornja linearna Diofantska jedna¢ina ima reSenja u pozitivnim celim bro-
jevima, npr. S, = 50 i S, = 150, tako da se ne moze iskljuciti moguénost
postojanja magi¢nog svojstva kod Cay.

Iz je jasno da S, = 0 (mod 6). Dva Sestougla u Cay ne dele nijedno
teme. Najmanja moguca vrednost za S} nije manja od zbira brojeva iz skupa

{1,2,...,12} rasporedenih na temena Sestougla, §to iznosi 39. S druge strane,
najveéa moguca vrednost nije veéa od zbira brojeva {13,14,...,24}, sto iznosi
111.

Medutim, uslov S, =0 (mod 6) implicira
Sj, € {42,48, 54,60, 66,72, 78, 84, 90, 96, 102, 108},
a odgovarajuée vrednosti za S, su
S, € {68,67,66,65,64,63,62,61,60,59,58,57}.

Ispitali smo sve oc¢igledne brojevnoteorijske argumente i ne mogu se dobiti
nova ogranicenja za magicne konstante. Rucno trazenje magi¢ne konfiguracije
za te konstante deluje besmisleno, pa smo stoga napisali program [2] da proveri
koje permutacije prvih 24 pozitivnih brojeva zadovoljavaju sistem Dio-
fantskih jednacina za svaki od dvanaest parova konstanti (S,, Si). Promenljive
su povezane sa temenima oznacenim na slici[1} Vige o programu dato je u [? ].

3.2
(U1)+02+7)3+U4+v5+v625h V19 + V20 + Va1 + Va2 + Va3 + V24 = Sp
vs +vg+vis +vg+v =5, V4 +v9 +vi6 +vi0 U3 =5
v3 + V19 + V17 F U1 Fv2 =5 Vo + 11 Fuig F v v =95
v +vig vz +vr +vg = S Vg + V7 + V14 + v + U5 = )
V14 + Us + U5 + v22 +v21 = 5p V15 + Vg + Vi + V23 + V22 = 5p
V16 + V10 + V17 + Vog + V23 = S v17 + 11 + Vig + V19 + V2 = Sp
v1g + V12 + V13 + Voo + V19 = Sp V13 + U7 + V14 + V21 +v20 = Sp

Iznenadujuce, program je pronaSao mnogo reSenja u svakom od dvanaest
slucajeva.

Za zakljucak analize C54, dajemo primere magic¢nih konfiguracija. Na slici
predstavljena je po jedna magic¢na konfiguracija za svaki od dvanaest parova
magicnih konstanti S, i Sj.

Literatura

[1] . Baralic and L. Milenkovié, The Magic Permutohedron, Math. Intelli-
gencer 46 , pp. 260-263, 2024.



(66,54)  (57,108) (62 78 (61 ,84)

1

T ] e T

((((((((((((((((( ,90) (64,66)

T TR TR R

Slika 2: Primeri magi¢nih



12 Dorde Barali¢, Adam Farhat

Sy, Sn | # of solutions | S, S
57 108 576 68 42
58 102 936 67 48
59 96 2832 66 54
60 90 8832 65 60
61 &4 11208 64 66
62 78 14592 63 72

Tabela 1: Broj magic¢nih konfiguracija na Coy za date magicne konstante
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1. Introduction

Fixed point theory has been a cornerstone of modern mathematical analy-
sis since Banach introduced his contraction principle in 1922, guaranteeing the
existence and uniqueness of fixed points for self-mappings in complete metric
spaces. Over time, numerous generalizations were developed to extend these
results to more abstract settings, including fuzzy metric spaces, which allow
for modeling uncertainty and imprecision encountered in real-world problems.
Fixed point theory in fuzzy metric spaces has been extensively studied, provid-
ing the foundation for our work [T} 2, [ [5].

Fuzzy sets, introduced by Zadeh in 1965 [13], provide a mathematical frame-
work for dealing with uncertainty. Fuzzy metric spaces, formalized by Kramosil
and Michalek (1975) and further developed by George and Veeramani (1994),
incorporate a continuous t-norm to define a generalized notion of distance.
These spaces have found applications in image processing, decision making,
control theory, and other fields where uncertainty plays a crucial role.

2. Preliminaries

Definition 2.1. [8] A binary operation x : [0,1]?> — [0,1] is a t-norm if it is
commutative, associative, nondecreasing in each argument, and has 1 as the
neutral element (a* 1 = a).

Example 2.2. Basic examples of t-norms: Minimum ¢-norm: #ps(a,b) =
min(a, b), *p(a,b) = a-b, *(a,b) = max{0,a + b — 1}.

IFaculty of Technical Sciences, University of Novi Sad, e-mail: |biljana@uns.ac.rs
2Faculty of Technology Novi Sad, University of Novi Sad, e-mail: [tatjanad@uns.ac.rs
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Definition 2.3. [7] Let % be a t-norm and let the sequence of functions *,
[0,1] = [0,1] (n € N) be defined as follows:

*1(1) = *(z, 1), *p41(7) = *(x,(2),2), (meEN, ze€][0,1]).

A t-norm x is said to be of Hadzi¢ type (or H-type) if the family {*,(z)}nen
is equicontinuous at the point « = 1; that is, for every A € (0,1) there exists
d(M) € (0,1) such that the implication

x>1—0A) = *,(x) >1— ), for all n € N,
holds true.

Definition 2.4. [5] Let X be a nonempty set and % a continuous ¢-norm. A
function
M: X x X x(0,00) — [0,1]

is called a fuzzy metric if for all z,y,z € X and s,t > 0, the following hold:

1. z,y,t) = 1 if and only if z =y,

M(
2. M(z,y,t) = M(y,x,t),
3. M(z,y,t)« M(y,z,8) < M(x,z,t+s),
4. M(z,y,-) : (0,00) — [0,1] is continuous,
The triple (X, M, *) is called a fuzzy metric space
Definition 2.5. [6] M(z, y, -) is nondecreasing for all z, y € X.

Definition 2.6. [5] Let (X, M, %) be a fuzzy metric space. A sequence {x,,} C
X is said to converge to x € X if for every € € (0,1) and ¢t > 0, there exists
N € N such that for all n > N, M(x,,z,t) >1—«.

Definition 2.7. [5] A sequence {z,} C X is called Cauchy sequence if for
every € € (0,1) and ¢ > 0, there exists N € N such that for all m,n > N,
M (zp, Zm,t) > 1 —€.

Definition 2.8. [I] A mapping T : X — X is a Banach contraction if there
exists k € (0, 1) such that

(2.1) M(Tz,Ty,t) > M(x,y,t/k), Va,ye€ X,t>0.

3. A New Fuzzy Contractive Condition

Definition 3.1. Let (X, M,x) be a fuzzy metric space and T : X — X a
mapping. We say that T satisfies the new fuzzy contractive condition with
respect to a strictly decreasing continuous function ¢ : [0,1] — [0, 1], with
¢(1) =0 and ¢(r) < r for r € [0,1), if for all x,y € X and ¢t > 0:

(3.1)

6(M (T, Ty, )) < max {S(M(w,,)), 6(M(w, T, )) (M (y, Ty, 1)) }.
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Remark 3.2. Clearly, if condition (2.1)) holds, then condition (3.1]) is also sat-
isfied.

Theorem 3.3. Let (X, M, x) be a complete fuzzy metric space and T : X — X
satisfy the new fuzzy contractive condition with function ¢ as above. Then T
has a unique fired point x* € X, and for any xo € X, the sequence 11 = Tx,
converges to x*.

Proof. Let g € X and define x,, 41 = Tz, for n > 0. Define
an(t) = ¢(M(2n, 2n-1,1)),  bn(t) = G(M (2, Tny1,t))-
From the contractive condition, we have
bu(t) = ¢(M(Txpn, Try—1,t)) < max{an(t), an(t) * by(t)} = an(t),

since ay,(t) * by (t) < an(t) for a,(t), b, (t) € [0, 1]. Since ¢ is strictly decreasing,
the inequality

O(M(p11,Zn,t)) < (M (xp, Tpn_1,t)) implies M (z41, Tn,t) > M(zy, 2p_1,t),

so the sequence {M(zp41,2n,t)} is monotone increasing bounded from
above with 1 so its convergent to some a(t). Suppose that a(t) < 1. Suppose

a(t) = lim M(zpy1,20,t) <1 = ¢(a(t)) <alt) <1,
n—oo
which leads to a contradiction. Therefore, it is necessary that

lim M(zp41,Tn,t) = 1.

n—oo

Let € > 0 be given. Because the sequence {M (z,, zn4+1,t)} converges to 1,
there exists N € N such that for all n > N,

M(zy, py1,t) >1—¢€, t>0.

Now, using the recursive property of the fuzzy metric and the t-norm of

H-type, for any m > n > N, we have
t t
M(:Ena Imaw Z M(Inyxn—i-h 7) Koee ok M<xm—1axm7 7)3
m-—n m-—n
and by the choice of N and the equicontinuity of % at 1, this x-combination
remains arbitrarily close to 1, which implies
M(zp, Xm,t) >1—¢

for all m,n > N. Hence, {z,} is a Cauchy sequence in the fuzzy metric space
(X, M, %).
To show x* is a fixed point, note
B(M(Ta* ", 1) = $(M(Ta", Ty, 1)
< max{o(M(z", z,, 1)), p(M(z*, Tz*,t)) * ¢(M (2, T2n,t))}.
Letting n — oo yields ¢(M(Tx*,2*,t)) < ¢(1), and by the strict monotonicity

of ¢, we obtain Tx* = x*. Uniqueness follows similarly from the contractive
condition. 0
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Example 3.4. Let X = [%, 1] € R with the fuzzy metric

M(z,y,t) t>0,

Tt -yl

and the minimum ¢-norm a * b = min{a, b}. Define
o(r)y=r—7r% relo1].

Then ¢ is continuous on [0,1], ¢(1)

strictly decreasing on [1/2, 1], since
Define the operator T': X — X by

¢(r) < rfor all r € [0,1), and ¢ is
=1-2r<0forr>1/2.

~

Oa
(r)

x

T(z) ==

+
NG

Clearly, T maps X into itself, since for z € [3,1], we have T'(z) € [3,1].

Verification of the new fuzzy contractive condition.
For any x,y € X and t > 0, we have

a1y = E Y,

and therefore .

Tt fe—yl/2

Since M (Tz, Ty, t) > M(x,y,t) and ¢ is strictly decreasing on [1/2, 1], it follows
that

M(Tz,Ty,t)

O(M(Tz,Ty,t)) < $(M(x,y,t)).

Consequently,
S(M(Tz, Ty, 1)) < max { 6(M(z,y,0)), $(M(w, T, 1) * S(M (3, Ty, 1) }.

Thus, the new fuzzy contractive condition 1) is satisfied and = = % is a fixed
point.

4. Application: Iterative Filtering in Image Processing

Iterative filtering consists of repeatedly applying an image operator T to
an initial image Iy, generating the sequence I,,11 = T'(I,,) until it stabilizes at
a limit image I*. Applications of fuzzy metrics and iterative filtering in image
processing have been extensively studied in the literature, demonstrating both
theoretical importance and practical efficiency [3}, 4}, @, 10, 111 12].

Consider a small grayscale image patch I corrupted by impulse noise:

120 125 130
Iy = 122 255 128
121 123 127
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Define T' as a continuous approximation of a median filter:

The fuzzy metric and the contractive function are:

t 2

M(I(p),J(p),t) = ) — T

Starting with Iy, define the sequence I,,11 = T'(I,,). The iterations produce:

123 136 133 134 135 134 134 134 134
I, =~ [142 136 136 I~ |135 134 134 I3~ |134 134 134
129 133 127 133 134 133 134 134 134

The sequence converges to the unique fixed point I*.
To verify that the operator T is fuzzy contractive, we compare pixel values
in two consecutive iterations. For any pixel p and ¢ > 0,

t
St [T (p) — In(p) |

M (L1 (p), In(p), t)

2

Applying ¢(r) = r — r=, we obtain

(M (In+1(p), In(p), 1)) = M (Ln41(p), In(p),t) — M (In41(p), In(p), 1)*.

The contractive condition requires

(M (L1 (p), Lo (p). 1)) < max {6(M (L (p), Ln(0). 1)),

(M (Tn(p), Tns1 (1), ) * S(M (1 (@), Tns1(0), 1) },

with ¢ € N(p). Since T is an averaging operator and the ¢t-norm is of H-
type, the product term remains small, so the inequality holds at each pixel.
Consequently, each iteration decreases the fuzzy distance between successive
images, and the sequence {I,,} converges to a unique stable image I*.
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Sazetak. Neka s(n) predstavlja stranicu najmanjeg kvadrata u koji se
moze spakovati n jedini¢nih kvadrata, koji se ne preklapaju. Jasno je da
vazi s(n?) = n i da je s(n) neopadajuéa funkcija. U ovom radu je dat
pregled poznatih dokaza nekih jednostavnijih donjih ogranicenja za s(n),
dobijenih uz pomo¢ skupova neizbeznih tacaka.

AMS Klasifikacija (2020): 05B40, 52C15

Kljucéne reci: problem pakovanja kvadrata, metod neizbeznih tacaka,
geometrijska optimizacija

1. Uvod

Definicija 1.1. Za prirodan broj n, neka je s(n) stranica najmanjeg kvadrata
u koji se moze spakovati n jediniénih kvadrata. (Pogledati [I], problem D4)

Rezultat je ocigledan kada je n potpuni kvadrat. Kako je s(n) neopadajuca
funkcija, zakljuéujemo da vazi \/n < s(n) < [\/n]. Problem odredivanja s(n)
kada n nije potpun kvadrat se pokazao kao nimalo lak zadatak. Nije previse
tesko videti da je s(2) = 2, dok je dokaz da je s(5) = 2+ ? nesto komplikova-
niji. Oba dokaza ce biti prezentovana u nastavku rada. Tako su mnogi tvrdili da
znaju kako da dokazu da je s(6) = 3 (videti sliku [[j¢), prvi publikovani dokaz
datira iz 2002. godine.

a) b) c)

Slika 1: Optimalna pakovanja za dva, pet i Sest jedini¢nih kvadrata

1Rad je podrzan od strane projekta ”Socio-tehnoloski aspekti unapredenja nastavnog
procesa na engleskom jeziku u opstim disciplinama”, Departman za opste discipline u tehnici,
Fakultet tehnickih nauka, Univerzitet u Novom Sadu

2Departman za opste discipline u tehnici, Fakultet tehnickih nauka, Univerzitet u Novom
Sadu, e-mail: |ciganovic.radojka@uns.ac.rs
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Dok se gornja ograni¢enja za s(n) dobijaju konkretnim konstrukcijama, mi
¢emo za neke vrednosti funkcije s(n) pronadéi donja ogranic¢enja. Pri tom éemo
koristiti metod koji predstavlja Fridmanovu modifikaciju (videti [2]) metoda
koji je Stromkvist prvi upotrebio u svojim neobjavljenim beleskama (pogledati
[4], beleska 1). Pre nego §to to uradimo dokazademo nekoliko tehnickih 1emaEL
koje ¢e imati kljuénu ulogu u nastavku. Ove leme kazu da ako se centar jedi-
ni¢nog kvadrata nalazi u nekoj oblasti, tada kvadrat ima odredene zajednicke
tacke sa rubom posmatrane oblasti.

2. Pomo¢éna tvrdenja

Lema 2.1 ([2]). Jedini¢ni kvadrat koji je smesten u prvom kvadrantu i ¢iji se
centar nalazi u [0,1)? sadr#i tacku (1,1).

Dokaz. Dovoljno je pokazati da jedini¢ni kvadrat u prvom kvadrantu koji
dodiruje koordinatne ose Oz i Oy sadrzi tacku (1,1). Ako pretpostavimo da
je kvadrat nagnut pod uglom 6 € (0, 7), onda su temena koja se nalaze na
koordinatnim osama A(0, cos6) i B(sin6,0) (videti sliku[2). Rotacijom ova dva
temena jedno oko drugog za uglove —3 i 3 dobijamo koordinate preostala dva
temena, C(sin# + cosf,sin ) i D(cos,sinf + cos ). Sada je prava kroz tacke
C'i D data jednac¢inom y = sin 6 — ctg 0(z — sin § — cos #). Uvrstavanjem z = 1
u dobijenu jednacinu prave dobijamo da je

sin® 0 — cosf(1 —sinf — cosf) 1 —cosf + sinfcosd — sinf + sin @

sin 6 sin 6
_ (1 —sinf)(1 - cosf) +sinf _ (1- smﬂ.)(l — cos ) L1,
sin 6 sin 6
pa se tacka (1,1) nalazi u posmatranom kvadratu. O

D(cos0, sinB+cos0)

A(0,cos0)

C(sinf+cosb, sinb)

B(sin6,0)
Slika 2: Jedini¢ni kvadrat sa centrom u [0, 1]2

Primetimo da se prethodno tvrdenje moze uopstiti. Neka je jedini¢ni kvadrat
smesten u prvom kvadrantu. Ako se centar kvadrata nalazi u pravougaoniku
[0,a] x [0,0], gde je 0 < a,b < 1, tada jedini¢ni kvadrat sadrzi tacku (a,b).
(Pogledati [3].)

3U literaturi se ova tvrdenja mogu naéi pod nazivom non-avoidance lemmas. Ovaj termin
je prvi put upotrebljen u [4].
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Lema 2.2 ([2]). Neka za a i b vazi a + 2b < 2v/2, pri éemu je 0 < a,b < 1.
Tada svaki jedinicéni kvadrat w prvom kvadrantu sa centrom u pravougaoniku
[1,1+4 a] x [0,b] sadrZi bar jednu od tacaka (1,b) i (1+ a,b).

Dokaz. Pokazaéemo da svaki jediniéni kvadrat ¢iji se centar nalazi u pravou-
gaoniku [1,1+ a] x [0, ] i koji na svojim stranicama ima tacke (1,b) i (1+a,b)
sadrzi u svojoj unutrasnjosti tacku na z-osi. Ako tacke X (1,b) 1 Y (1+a,b) leze
na istoj stranici kvadrata, tvrdenje trivijalno vazi.

Slika 3: Jediniéni kvadrat sa centrom u [1,1 + a] x [0, b]

Neka je ugao koji kvadrat zaklapa sa x-osom 6 € (0, 7) (slika |3). Pronaci
¢emo koordinate "najnizeg’temena A posmatranog jedini¢nog kvadrata. U
pravouglom AXYC vazi |XY| = a, odakle dobijamo da je |CY| = asind,
pa je |BY| = 1 — asinf. Sledeéi trougao koji gledamo je AY BM, i posto je
|IMB| = (1—asinf)sinfi|MY]| = (1—asinf) cosf, dobijamo da su koordinate
temena B(1 +a+ (1 —asin®)sinf, b — (1 — asinf) cosf). Kako je |[AB| =1,
u AABN vazi |[AN| = cosf i |BN| =sin#, odakle je

A(l+a+ (1 —asinf)sinf —cosf, b — (1 — asinf) cosf — sinb).

Posmatrajmo u nastavku funkciju f(0) = sinf + cos — asin cos§. Tacka

A se neée nalaziti u prvom kvadrantu ako je f(#) > b. Kako je ispunjeno

f/(0) = cosf —sinf — acos® § + xsin® 6 = cosf — sin @ — a(cos® 6 — sin” 0)
= (cosf —sin0)(1 — a(cos @ + sin b)),

jednostavnim trigonometrijskim racunom dobijamo da su stacionarne tacke
(cosf,sinf) = (ﬁ @) i (cosf,sinf) = (1j:v22;12—1 13FV22§2*1
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proverom zaklju¢ujemo da funkcija f(6) dostize lokalni minimum za 6 = 7.

Prema tome, kada je b < f(%) = V2 — £, teme A jedini¢nog kvadrata se nece
nalaziti u prvom kvadrantu i postojace tacka u unutragnjosti kvadrata koja ée
biti na x-osi. O

, ) . Direktnom

Ova lema se najcesée primenjuje u slucaju kada je a < 2v/2 — 2 ~ 0.828 i
b=1,ilikadajea=1ib<v2—1~0914.

Lema 2.3 ([2],[4]). Ako je centar jedini¢nog kvadrata smesten uw ANABC, pri
cemu duZine stranica nisu veée od 1, tada kvadrat sadrzi bar jedno od temena
trougla.
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Dokaz. Neka susa Rj, Ro, R3 i Ry oznacene 4 zatvorene oblasti na koje dijago-
nale kvadrata dele ravan (slika[4). Ukoliko bi se sva tri temena AABC nalazila
u jednoj, ili u dve susedne oblasti, tada se centar kvadrata ne bi nalazio u
trouglu. Uzmimo zato, bez umanjenja opstosti, da se jedno teme AABC nalazi
u oblasti R1, a da je drugo teme u oblasti R3. Kako su stranice trougla duzine
< 1, nije moguce da se oba uocena temena trougla nalaze izvan kvadrata. [

Slika 4: Jediniéni kvadrat sa centrom u AABC

Lema 2.4 ([2]). Ako se centar jediniénog kvadrata nalazi u pravougaoniku
[0,1] x [0,0.4], tada kvadrat sadrZi bar jedno teme pravougaonika.

Dokaz. Uvedimo sledeée oznake za temena pravougaonika: A(0,0), B(0,0.4),
C(1,0.4) i D(1,0). Pokaza¢emo da svaki jedini¢ni kvadrat koji sadrzi
tacke A i B na rubu i Ciji se centar nalazi unutar pravougaonika,
mora da sadrzi i bar jednu od tacaka C' i D. Uoc¢imo da okoliko su temena
A i B na istoj stranici kvadrata, onda se i temena C' i D nalaze na naspra-
mnoj stranici kvadrata. U nastavku razlikujemo tri slucaja u zavisnosti od
ugla 6 € (0, %) pod kojim je jedini¢ni kvadrat nagnut (slika [5)).

Q 0<Tﬂ 9>4£ 9:41

Slika 5: Jedini¢ni kvadrati sa centrom u pravougaoniku [0, 1] x [0, 0.4]

Pretpostavimo da vazi 0 < §. Iz AABP je |AP| = 0.4 cos 0, odakle imamo
|[AQ| = 1 — 0.4cosf. Neka se tacka T nalazi u preseku p(A,D) i p(Q, R).

A 1—0.4cosd
Sada je u AATQ ispunjeno |AT| = |AQ| 0.4cos0

1

sinf sin " sinf 0-4ctg.

Dobijamo |AT| > /2 —0.4-1 > 1 = |AD|, odakle zaklju¢ujemo da se teme D
pravougaonika nalazi u jediniénom kvadratu.

Analognim razmatranjem dobijamo da je teme C u kvadratu za 6 > 7, dok

se u slucaju kada je # = Z oba temena i C'i D nalaze u unutrasnjosti kvadrata

4
(videti sliku [5)). O
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Uot¢imo da pokazane leme mozemo primeniti i kada se centar jedini¢nog
kvadrata nalazi u oblasti koja se moze dobiti transliranjem i rotacijom osnovnih
konfiguracija.

3. Skupovi neizbeznih tacaka

Definicija 3.1 ([2]). Skup tacaka P u kvadratu se naziva neizbeZan skup ako
svaki jedini¢ni kvadrat koji je smesSten u kvadrat mora sadrzati barem jednu
tacku iz skupa P, moguce i na stranicama.

Da bismo pokazali da je s(n) > k, dovoljno je pronaéi neizbezan skup P
koji sadrzi n — 1 tacku u kvadratu stranice duzine k.

Teorema 3.2 ([2], []). s(2) =s(3) =2.

Dokaz. Posmatrajmo jedini¢ni kvadrat u [0,2]2. Centar uocenog kvadrata se
moZe nalaziti u nekom od sledeéa Eetiri kvadrata: [0, 1]2, [0, 1]x[1, 2], [1, 2] x[0, 1]
ili [1,2]2. Kako na osnovu leme znamo da se tacka (1,1) mora nalaziti
u posmatranom jedini¢nom kvadratu, zaklju¢ujemo da je skup P = {(1,1)}
neizbezan u kvadratu [0,2]? (slika @) Na ovaj nacin smo pokazali s(2) >

Kako ve¢ znamo da vazi s(2) < 2 (pogledati sliku [[la), dobijamo s(2) =

2.
2.
Posto je s(4) =21 s(3) < s(4), zakljucujemo da je i s(3) = 2. O

T
|
|
|
|
|
|
|
|
,,,,,,,,, o ———————|
1
|
|
|
|
|
|
|
|

Slika 6: Kvadrat stranice 2 sadrzi jednu neizbeznu tacku
Teorema 3.3 ([2], [4]). s(5) =2+ g

Dokaz. Neka je P ={(1,1), (1,1+ ?), 1+ %, 1), (1+ %, 1+ ?)} Pomoéu
ove Cetiri tacke kvadrat sa stranicom 2 + ? mozemo podelili na 10 oblasti:
4 kvadrata, 4 pravougaonika i 2 trougla (slika (7).

Slika 7: Cetiri neizbezne tacke u [0,2 + g]z

Ukoliko se centar nekog jedini¢nog kvadrata nalazi u jednom od uocenih
kvadrata, tada na osnovu leme [2.1| znamo da je i odgovarajuca tacka skupa P
takode u posmatranom jedini¢nom kvadratu. Ako je centar jedini¢nog kvadrata
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u nekom od pravougaonika, primenjujemo lemu[2.2] dok se u sluc¢aju da je centar
u nekom od trouglova, posto su stranice oba trougla manje od ili jednake jedan,
koristi lema[2.3] Ranije smo videli da je mogude spakovati 5 jedini¢nih kvadrata
u kvadrat stranice 2 + g (videti sliku b)7 odakle sledi tvrdenje. O

Teorema 3.4 ([2]). s(8) = 3.

Dokaz. Tacke skupa P = {(0.9,1), (1.5,1), (2.1,1), (1.5,1.5), (0.9, 2), (1.5,2),
(2.1,2)} dele kvadrat sa stranicom 3 na 16 oblasti (pogledati sliku [8a). Ako se
centar jedinicnog kvadrata nalazi u nekom od cetiri pravougaonika u uglovima
velikog kvadrata, koristimo uopstenje leme Za preostale pravougaonike i
trouglove, isto kao u dokazu prethodnog tvrdenja, primenjujemo redom leme
i Dobili smo da je posmatrani skup neizbezan, a kako je trivijalno
s(9) = 3, zakljucujemo s(8) = 3. O

Teorema 3.5 ([2]). s(15) = 4.
Dokaz. Posmatrajmo sledeéi skup
P={(1,1), (1.6,1), (2.4,1), (3,1), (1,1.8), (2,1.8), (3,1.8),
(1,2.2), (2,2.2), (3,2.2), (1,3), (1.6,3), (2.4,3), (3,3)}.

Na dva pravougaonika u centru kvadrata primenjujemo lemu (videti
sliku b)7 dok se za ostale oblasti koriste prve tri leme na isti nacin kao u
prethodnim dokazima. Pronasli smo neizbezan skup sa 14 tacaka u kvadratu

stranice 4, pa vazi s(15) = 4. O
ffffffff
S ]
,,,,,,,, ,,,
a) s(8) >3 b) s(15) >4

. Slika 8: Skupovi neizbeznih tacaka
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1. Introduction

Let S be a set of h hexagons in the hexagonal grid, which may or may not
be (simply) connected, with 5y connected components, 51 holes and the Euler
characteristic x = o — f1. Let G = (V, E) be the simple plane graph with n
vertices and m edges, induced by S: the vertices and edges of G correspond
to the vertices and edges of the hexagons in S, respectively, in the obvious
manner. In chemical graph theory, such sets are used to model molecules.
Simply connected sets S are called benzenoid systems [6], and connected sets
with one hole are coronoid systems [4].

The degree d, of a vertex v is equal to the number of the edges incident
to v. The number of the vertices in V of degree i is denoted by n;, ¢ € {2,3}.
The number of the edges connecting a vertex of degree i to a vertex of degree
J (type ¢,j edges) is denoted by m; j, i, € {2,3}, i < j. Boundary edges
are incident to exactly one hexagon in S. Boundary vertices are incident to
boundary edges. The number of boundary edges of type 3,3 is denoted by mj 5.
Non-boundary vertices are called interior. Their number is denoted by n;.

A topological index of a graph G is a real number associated with G. The
general form of a vertex-degree-based topological index I(G) of a graph G is
given by

(&= fdudy),

weE(G)
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where f is a real function such that f(z,y) = f(y,z). Several dozens of well-
known indices have been defined, varying over the choices of f. In chemical
graph theory, graph indices have been repeatedly shown to be apt for describ-
ing and predicting chemical, physical and biological properties of associated
chemical compounds.

We will consider five such indices, obtained by choosing f as follows:

1. f(z,y) = x + y for the first Zagreb index M; [§],
2. f(z,y) = xy for the second Zagreb index Ms [7],

3. f(z,y) = (zy)®, a € N, for the general Randié¢ index R, (variable second
Zagreb index M [9]),

4. f(x,y) = 1/(xy) for the second modified Zagreb index ™M (first order
overall index [I]),

5. f(z,y) = :”2;;3’2 =T+ 4 for the symmetric division deg index SDD [10].

It is well known [5] that these indices can alternatively be obtained from the
M-polynomial

M(z,y) = 7”2,21‘23/2 + m2,3172y3 + 7713,31333/3
of G through differentiation or integration as follows
L. My = (Ds + Dy)(M(z,y))|z=y=1,
2. My = (Do Dy)(M (2, y))|a=y=1,
3. Ro =" My = (D3 D) (M(2,y))|e=y=1,
4. MMy = (S:Sy) (M (2,y))|e=y=1

5. SDD = (DzSy + DySe)(M(2,y)) | a=y=1,

where
D.(01(e.) =22, D, (0, ) =y 2D,
and
Mt y) [ M(,t)
Sy (M(x,y)) = dt, Sy(M(z,y)) = dt.
s s 2

For simply connected sets S, there are different formulas for mg 2, mg 3 and
m3,3 in terms of other, easier to determine and chemically significant, graph
invariants [0]. Interestingly, despite the long history and large body of research
on vertex-degree-based topological indices for simply connected sets S, these
formulae have only recently been extended to sets S of arbitrary topology by
the present authors [2] as follows:
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moo = m}“,’g + 6X
(1.1) mag3 = 4h—2n; —4x —2mj
m33 = h+mn;—x+mj;

Here, we further demonstrate the versatility of our formulae by determining
the numbers mg 2, ma 3, m3 3, the M-polynomial and the associated indices for
catacondensed coronoid systems.

2. Vertex-degree-based topological indices of catacon-
densed coronoid systems

Catacondensed coronoid system .S has exactly one hole and no inner vertices
(thus, x =1 —1 =0 and n; = 0). The hexagons in S are in one of the two
configurations, called Lo (linear) and As (angle or corner), as illustrated in
Figure |1 (a). They can be cyclically ordered so that each hexagon shares an
edge with the previous and the next one, and there are no more adjacencies
among the hexagons in S (see Figure[l] (b)).

\\

_
(a) (b)
Figure 1: (a) A linear (left) and corner (right) hexagon. (b) A coronoid system
with a = 8 and [ = 5.

We will obtain the M-polynomial and the associated indices of a catacon-
densed coronoid system with h hexagons, among which there are a corners and
l = h — a linear hexagons.

Theorem 2.1. For the graph G of a catacondensed coronoid system with a
corners and l linear hexagons, it holds

M(G) = az?y?+ (2a+ 4)2%y® + (2a + 1) 23y3>.
Proof. We have that
maa = Mmi3=a

mo3 = 4h—2m2}2:4h—2a:2a+4l
mz3 = h+mea=h+a=2a+1
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The first equality follows from (1.1}, and the fact that type 2,2 and type 3,3
edges come in pairs which belong to corner hexagons (see Figure [1] (a)). The
second and third equalities follow from the first one and from (|1.1)).

O

Corollary 2.2. For the graph of a catacondensed coronoid system, it holds

My = (Dy+ Dy)(M(2,y))lo=y=1
= 4da+52a+4)+6(2a+1)
— 26 + 261,
My = (DyDy)(M(z,y))|e=y=1

= D,(2az*y* + 3(2a + 41)2*y® + 3(2a + 1)2%y?) | = y=1
= (4az’y* +6(2a + 41)2%y3 + 9(2a + )23y3)|s=y=1
= 34a+ 33!,

Ra = (DEDS)(M(@,y))lamyer
= D,(2%z?y? + 3%(2a + 41) + 3%(2a + 1) 23y3)| s—y=1
= (4%az?y* + 6“(2a + 41)2%y® + 9%(2a + 1) 23y3) | smy=1
= (4% £2-6%+2-9%)a + (4-6% +9%)L,

"My = (S2Sy)(M(x,y))|z=y=1

Y
= So([(az?t + (2a + 4)2?t* + (2a + D)23t?)dt) | p=y=1
0

= Su((3az?y®+ %(Qa + 4?3 + %(2@ + D)23y3)) | pmy=1

x
- (g“(%atgﬂ + 1(2a + 4Dty + 3 (2a + Dt2y®)dt)|o—y—1

= (Yaa?y® + L(2a + 402y + §(2a + D)aPy®)) a=y=1

_ 29 7
= 360+t gl

SDD = (D18, + DS (M(w, ) a—yer
= (Do(3ax?y? + 1 (2a + 4122y + 3 (2a + 1)xdy®)+
Dy(3az?y? + (2a + 41)2?y® + 2 (2a 4+ 1)23y®)) |p=y=1
= (az®y® + 2(2a + 42?3 + (2a + D)a3y>+
@y + 320 + WP + (20 + 0% |amymn

(a+22a+4l)+2a+1)+a+3(2a+40) + (2a+1)
%a—!—%l.
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3. Discussion

We have determined several vertex-degree-based indices of catacondensed
coronoid systems using our recently proposed formulae [2] and the associated
M-polynomial. In that way, we extended our previous work on a special class
of such systems, called fenestrenes [3]. We are currently working on develop-
ing analogous formulae for other chemically significant grids, which have been
completely neglected in this regard despite considerable amount of attention
given to the hexagonal grid.
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Abstract. In this paper, we propose a new algorithm based on {1}-
inverses for finding all algebraic (strong) solutions of a fuzzy Sylvester
matrix equation (FSME), AX 4+ X B = C, where the coefficient matrices
A and B are real matrices of orders n x n and m X m, respectively, while
Cisa given matrix of fuzzy numbers. The proposed method is illustrated

through a numerical example.
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1. Introduction

In numerous practical applications involving systems of linear equations, the
available data are often imprecise or uncertain. Consequently, there is a need to
develop methods for solving systems of equations where certain parameters are
represented as fuzzy numbers. A method for solving square fuzzy linear systems
(FLS), AX = B, whose coefficient matrix A is real and B is an arbitrary fuzzy
number vector, was first introduced by Friedman et al. in [2]. In [5], Mihailovié
et al. presented the first algorithm for obtaining all solutions of rectangle FLS
using the Moore-Penrose inverse of the coefficient matrix. In [I], Dragié¢ et
al. proposed the straightforward method for obtaining all algebraic (strong)
solutions of an arbitrary dual fuzzy linear system (DFLS), AX+C =BX+D,
where the coefficient matrices A and B are arbitrary real m x n matrices and
C and D are given fuzzy number vectors.

In 2011, Salkuyeh [6] investigated the existence and uniqueness of a fuzzy
solution to the fuzzy Sylvester matrix equation (FSME) of the form AX+XB =
C, when matrices A and B are M-matrices. Salkuyeh transformed FSME into
DFLS by using Kronecker products. Very recently, in [3], He et al. established
an algorithm to obtain general strong fuzzy solutions to the FSME by using
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the BT inverse of the coefficient matrix, under certain additional conditions on
the involved matrices, including their nonnegativity (or nonpositivity).

The main goal of this paper is to characterize the general algebraic (strong)
solution of the FSME. Using the Kronecker product, we transform the given
FSME into a dual fuzzy linear system, which is then extended to a classical
system of linear equations, for which a necessary and sufficient condition for
the existence of representative solutions (see page 4) is established. Further-
more, an algorithm based on the {1}-inverses is proposed to obtain the general
algebraic solution, and its effectiveness is demonstrated through an example.

2. Preliminaries and previous research

Let us denote with M™*™ the class of all m x n real matrices, m,n € N.
For any F' € M™*™ let a matrix G € M™*™ be such that it fulfills equation
FGF = F. A such matrix G is called an {1}-inverse of F, and it will be
denoted by F(), and F{1} denotes sets of all {1}-inverses of F.

Recall that a general solution of a classical linear system AX = B is given
in the next form:

(2.1) X=AYB+ (I, - ADA)V, Ae M™" Be M™,

where AV € A{1}, V € M™*! is arbitrary, and I, is identity matrix of size n.

A fuzzy number is a mapping @ : R — [0, 1] so that for each « € (0,1] the
a-level set, [4]* = {z € R : a(zx) > 0}, Ya € (0,1], is a nonempty, closed and
bounded interval, and support of @ defined as supp(@t) = {z € R: a(z) > 0}
is a nonempty, closed and bounded interval. The set of all fuzzy numbers is
denoted by J.

A fuzzy number @ € J is given in the parametric form (u,u), where the
upper branch @ : [0,1] — R is non-increasing and left continuous, u(a) =
sup[a]®, whereas the lower branch u : [0,1] — R is non-decreasing and left
continuous, u(a) = inf[a]®, such that u(a) < u(a), for each a € [0,1]. The
addition, scalar multiplication and equality of fuzzy numbers are based on the
interval arithmetic and the fact that a-cuts of a fuzzy number a, given by
[a]* = [u(a),a(a)], o € [0,1], are closed intervals (for more details, we refer
the reader to [IJ, 2]).

Definition 2.1 ([]). Let P = [p;;] € M™*", p; = (p1i,P2is---,Pmi)’ be the
i-th column of P, i =1,...,n, then the mn-dimensional vector vec(P) = Vp =

T
[ pPr P2 ... Pn }
Definition 2.2 ([4]). Let P € M™*", Q € MP*9. Then the Kronecker prod-

e o p@
uct is defined by P® @ = : , where P @ Q € M™P*n4,

Pm1Q - Pmn@Q
It holds vec(AX B) = (BT ® A)vec(X).

is called the extension on column of the matrix P.

Let X = (Z1,...,7,)T denotes a fuzzy number vector, where ¥; € .
i=1,...,n. Let V, denotes the class of all n-dimensional fuzzy number vectors.
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Let X = (zy,...,2,,—%1,...,—%,)" denotes the associated 2n x 1 classical
functional vector and let F denotes a class of all classical functional vectors.
The vector X € F is called the representative vector if all its components are
adequate functions on the unit interval that represent the upper and lower
branches of some fuzzy number vector X € V,,. A class of all representative
classical functional vectors is denoted by F®. For each X € V,, the associated
nx 1 classical functional vectors are X = (z,,...,2,,)7 and X = (T1,...,7,)7.
The zero vector is denoted by O.
For each matrix M € M™*" let Sy € M?™*2" be given by

(2.2) &M:[§Z+ %1],

where for each matrix M € M™*" we denote M+ =
s(IM] = M), [M] = [|m;]].

(M +|M|) and M~ =

Definition 2.3 ([3]). The fuzzy matrix equation
(2.3) AX +XB=C,

where A = [a;;] € M™ " B = [b;] € M™*™, C = [&;] is a n x m matrix of
fuzzy numbers, and X is a n x m unknown matrix of fuzzy numbers, is called
a fuzzy Sylvester matrix equation (FSME).

A matrix of fuzzy numbers U, vec(U) = VU € Vomn, Vg € FR, is a (strong)
solution of (2.3)) iff it holds:

AU+UB=C.
Theorem 2.4 ([3]). Let A € M"*", B € M™*™, X, and C be nxm matrices
of fuzzy numbers. Then, AX + XB = C is equivalent to
(24) (Imn ® AV + (BT @ L)V = Vg,

where I, and I,,, denote the identity matrices of order n and m, respectively.

3. A new algorithm for solving FSME

Denote P = I,, ® A and Q = BT ® I,,. The matrix equation (2.4) can be
extended to the following crisp form

ERSIEINERSIEIRE S

For each matrix M € M™*" let Sy; € M2™*27 he given by (2.2). Therefore,
the matrix equation ([2.4)) can be extended into crisp systems of linear equations
as follows:

3-1) (Sp +5)Vx (@) = Ve (a), e € 0,1],
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(we write (Sp + Sq)Vg = Vi) associated to the system (2.4). Denote the
solution set of (3.1]) with ASS. Let us denote the subset of ASS which contains
all representative solutions of (3.1)) with ASS, i.e.,

.ASSRZ{VX I ]—'R| (SP-FSQ)VX = Vé}g {X S .7‘-| (Sp-i—SQ)VX- = VC}Z.ASS.

If ASS™ # (), the family is said to be R-consistent.

Let G € M™™>mn G = [g,;] € (P+ Q){1}, and |G| = [|gs]]. Let S¢ €
M?2Zmnx2mn he given by . The next theorem presents a necessary and
sufficient condition for the R-consistency of .

Theorem 3.1. Let A € M™*" B &€ M™*™ be the coefficient matrices of the
FSME for a given n x m matriz of fuzzy numbers C. Let P = I,, ® A
and Q = BT ® I, be the coefficient matrices of the system associated
to the FSME , for given Vé = Vec(C’) € Vimn. Let X* = SqVi, where
Ge(P+Q){1}, and R=Vs — (Sp+ Sg)X*.

The associated family of linear systems
for the system is  R-consistent iff  there exist
L= [ _AA } , where A = (A (@), ..., Amn ()T, such  that

(Sp+Sg)L=0, and T = [ g }, where © = (01(a), ..., 0mn ()T, such that

(Sp —I—SQ)T =R, and X* + %L+T € FE.
Moreover,

1
ASSR_{VXE}"R|VX_X*+2L+T, (Sp+ Sg)L=0, (SP+SQ)T_R}.

Proof. The proof is analogous to the proof of Theorem 1 in [I]. O

Based on Theorem [3.1] we propose a straightforward method for obtaining
the general algebraic solution of the fuzzy Sylvester matrix equation:

Algorithm
Step 1. Transform the given FSME into the equation and compute
X* = Sg Vg, where G € (P + Q){1}.
Step 2. Compute a mn x 1 functional vector A such that (P + Q)A = O.
Step 3. For X* obtained by Step 1, compute a mn x 1 functional vector W
such that W = Vg — [PT + QT P~ +Q7]X*.
Step 4. If it exists, compute a mn x 1 functional vector © such that (|P| +
|Q)© = W, where W is obtained by Step 3, else, FSME has no solution.
Step 5. If it exists, compute the representative solution Vg = X* + %L + T of
, else, FSME has no solution.
Step 6. By inverse operation of the vec operation (which is defined in Definition
, we transform Vy into matrix X, and we get the general fuzzy solutions
of .

Notice that from all determined L and T by Step 2 and Step 4, we only

X -x*

consider such that for each a € [0, 1] it holds ©® < ===, and all components

of X* + %A + O are non-decreasing and left-continuous functions on the unite
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interval, whereas all components of X+ %A — © are non-increasing and left-
continuous functions. Obviously, for such A and O, the family of intervals
{[z}(a)+2Ai(a)+0; (), T} (o) + 5 Ai(a) —0;(a)] | o € [0,1]}, for all i, determines
a-cuts of VX, which is a solution of the system .

Example 3.2. Consider the fuzzy Sylvester matrix equation AX + XB = C :

10 3:511 9?12 " 5?11 %12 -1 (1) —c
0 2 To1 To2 To1 T2 0 3
where

oo | (F2+20,2 - 20) (2 +30,6 — 3a)
Tl (-1430,5-3a) (50,5 2a) ’

for any a € [0,1]. According to (2.4]), the given FSME is equivalent to the
following equation:

1000 P11 -1 0 0 0 I 11
0200 Fn | | 0 -1 00 Tor | | e
0010 T1 0 0 5 0 Tip | | G2
000 2 T2 0 0 0 3 T Ca2

The one of {1}-inverses of the matrix P+ Q =L ® A+ BT ® I is in the next
form:

000 0
010 0
G=(P+Q" =
00 2 0
000 2

According to Algorithm, Step 1, we have:

X*=86Vs = (0, =1 +3a, 1 +2a, a,0, =5+ 3a, —4+a, —2+a)" .
Step 2: A = (f(a), 0, 0, O)T is a solution vector of (P + Q)A = O, where
y = f(a), a €[0,1], is function on the unite interval.

Next, we have:

W=Ve—[Pt+Q" P~ +Q7]X" = (~2+2a,6—6a,0,0)".

Each system in the family of classical systems (|P| + |Q])© = W has a unique
solution: © = ( —14+a,2-2q,0, O)T.
Finally, the general solution of the family (3.1), Vy € AS SE s Vi =

vi Vi ]

—1+a+1f(e)
1 14+«
2 1+ 2a ’
«
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l—a—l—%f(a)
— 1 _ 3—«a
Ve=X +§A—®— i o ,
2—«

where f is a feasible function defined on the unite interval. Let f(«a) = ka+n,
k,n € R. In order to obtain a representative vector X (all the components
must be fuzzy numbers), we have 1 + g >0and —1+ g < 0, from which we
conclude that k € [-2,2], n € R. For example, if we take f(a) =2, « € [0, 1],
we obtain one of the infinitely many solutions of the considered FSME:

5 (,2 — ) (14+20,4— )
X = (1+a,3—a) (a,2 — )

4. Conclusion

In this paper, we investigated the fuzzy Sylvester matrix equation (FSME)
and proposed a new algorithm for determining its general algebraic (strong)
solution. The proposed method was based on the {1}-inverse and employed
the Kronecker product to transform the FSME into a dual fuzzy linear system.
A necessary and sufficient condition for the R-consistency of the associated
system was established. Since every real matrix possesses at least one {1}-
inverse, the proposed approach provides a reliable basis for obtaining all alge-
braic (strong) solutions of the FSME by means of generalized inverses, without
any restrictions related to the nonpositivity (nonnegativity) or the existence of
generalized inverses of the coefficient matrices involved.
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Abstract. Three-dimensional tomographic reconstruction enables vol-
umetric analysis of internal structures across medical, biological, indus-
trial, and geophysical applications. Building on the Radon transform,
modern 3D tomography incorporates analytical inversion, iterative op-
timization, and deep-learning methods that address noise, limited-angle
data, and low-dose constraints. This paper outlines the mathematical
foundations of 3D reconstruction and presents representative applications
ranging from micro-CT vasculature imaging and Brownian nanoscale to-
mography to muon-based inspection of shielded infrastructures. These
examples demonstrate how 3D tomography increasingly connects experi-
mental imaging with computational modeling, guiding future techniques
toward more accurate and interpretable volumetric reconstruction.
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1. Introduction

Tomography refers to the reconstruction of an object’s internal structure
from its external projections. Its mathematical foundation originates from
Radon’s 1917 transform, which expresses each projection as a line integral of
the unknown object [3]. Early computerized tomography inverted this relation
using filtered backprojection (FBP) [3] 5], enabling practical 2D slice recon-
struction.

Increasing demands for higher resolution, reduced radiation dose, and im-
proved noise robustness motivated the development of iterative and model-
based reconstruction (MBIR), as well as recent deep-learning and diffusion-
based approaches [5]. These advances naturally extended to three dimensions,
where volumetric imaging integrates multiple projections acquired from a range
of orientations.

In this context, 3D tomography provides the mathematical and computa-
tional framework for reconstructing full volumetric structure under realistic

IDepartment of Fundamental Sciences, Faculty of Technical Sciences, University of Novi
Sad, e-mail: lanad@uns.ac.rs, tibor@Quns.ac.rs, lanaperisicQuns.ac.rs


https://orcid.org/0009-0004-7066-0570
https://orcid.org/0000-0003-1536-3384
https://orcid.org/0000-0002-9093-9462
https://doi.org/10.24867/META.2025.06
mailto:lanad@uns.ac.rs
mailto:coauthor@ftn.uns.ac.rs
mailto:anaperisic@uns.ac.rs

38 Lana Dujmovié¢ et al.

acquisition constraints, including limited-angle sampling and noisy measure-
ments.

2. Mathematical Framework for 3D Tomography

Three-dimensional reconstruction methods generalize 2D principles to re-
cover full volumetric geometry. While 2D tomography reconstructs planar
slices, 3D approaches integrate multiple 2D projections acquired across dif-
ferent orientations to recover the object’s entire internal structure.

(a) (b) (c)

Figure 1: Illustration of the 3D tomographic reconstruction process.(a) Volumetric
object sampled by parallel slice planes.(b) Contour information extracted from each
slice. (c) Reconstructed 3D volume obtained by combining all slice measurements.

2.1. From the 2D to the 3D Radon Transform

In 3D tomography, the object is represented by a scalar field f(z,y, z)
describing attenuation, density, or another imaging parameter. The 3D Radon
transform integrates f over planes orthogonal to a direction n = (ng,n,,n;)

[3]:
(2.1) Rsf = ///f(:c,y,z)d(p — Ny — Yyny — 2n;)dedydz.

Each projection image recorded on a detector corresponds to sampled values of
R3[f] after appropriate geometric reparameterization . The inverse 3D Radon
transform reconstructs the volume via filtered angular backprojection [3]:

1 0?

(2.2) flz,y,2) = %2 . aﬁpgRB[f](pa n) dn,

p=xNng+yny+zn.

In practice, this inversion is approximated using 3D filtered backprojection,
cone-beam variants, or numerical projectors implementing discrete ray-driven
or voxel-driven integration [3].

2.2. Discrete Model and Inverse Problem

While the continuous 3D Radon transform describes the forward physics of
tomography, practical reconstruction requires a discrete numerical model. The
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object is sampled into a 3D voxel grid and each detector measurement corre-
sponds to a discretized ray—voxel interaction. This yields the linear forward
system

(2.3) b= Az +e,

where x represents the unknown 3D volume, b the stack of 2D projection im-
ages, and A the system matrix that maps rays in 3D space to detector pix-
els |2, B]. In three-dimensional tomography, A becomes extremely large and
cannot be inverted explicitly, motivating the use of numerical reconstruction
techniques.

Iterative algorithms such as ART, SIRT, OSEM, and model-based iterative
reconstruction (MBIR) solve the discrete inverse problem by minimizing

(2.4) min ||Az — b||* + AR(z),

where R(z) imposes smoothness, sparsity, or structural constraints [2,[3]. These
methods are particularly important in 3D, where limited-angle sampling, noise,
and low-dose acquisition lead to significant instability in the reconstruction.

Beyond classical smoothness or sparsity priors, geometric constraints play a
key role in stabilizing highly underdetermined 3D inverse problems. In limited-
view tomography, where large regions of Fourier space remain unsampled,
shape-based regularizers help enforce global structural consistency. A notable
example is the shape—centroid prior of Lukié¢ and Baldzs [7], which restricts
feasible binary reconstructions to those preserving a global centroid estimate.
This demonstrates how even minimal geometric information can significantly
improve stability under extreme projection sparsity.

3. Challenges in Tomographic 3D Reconstruction

Although the mathematical foundations of tomographic imaging are well
established, practical 3D reconstruction remains limited by several persistent
issues. Sparse or limited-angle acquisition often restricts angular coverage,
producing streaking artifacts and loss of detail [2 [8] 5]. Low-dose requirements
further elevate noise, necessitating strong regularization or learned priors to
preserve image fidelity [2].

Reconstruction accuracy is also hindered by model mismatch in hetero-
geneous media, where bone, concrete shielding, or fluidic nanoscale environ-
ments distort measured signals [4, [6]. In dynamic imaging scenarios, motion
introduces additional inconsistency across projections, forcing algorithms to
address temporal undersampling through 4D or motion-compensated recon-
struction strategies [ [5]. Finally, the computational demands of large-scale
3D inverse problems remain high, as both iterative and deep-learning-based
methods depend on substantial memory and GPU acceleration [2] [3]. Recent
research has begun to address these difficulties through hybrid approaches that
combine physics-based modeling with data-driven priors, particularly in ap-
plications such as LC-TEM nanoscale tomography, low-dose CT, and muon
imaging [4, [6].



40 Lana Dujmovi¢ et al.

4. Representative Applications

3D tomography enables structural analysis across scales from nanometers
to meters. This section summarizes three compact examples illustrating the
diversity of imaging scenarios.

4.1. Pulmonary vascular imaging with pnCT

High-resolution micro-computed tomography (uCT) enables non-
destructive, isotropic imaging of soft-tissue vasculature. In the developmental
study of Monodelphis domestica, Ferner [I] reconstructed the 3D pulmonary
vascular network by scanning postnatal lung samples in 2D slices and using
X-ray absorption contrast to visualize fine vessels without physical sectioning.

From a methodological perspective, pCT provides a full volumetric map
of the vascular tree, which can then be segmented to extract branching pat-
terns, vessel diameters, and spatial organization (see Figure. The purpose of
using tomography in this context is capture intact vascular geometry and quan-
tify developmental remodeling, capabilities that conventional histology cannot
provide. Such imaging is essential for studying developmental biology, organ
growth, and pathological alterations in microvascular networks.

Figure 2: (a) pCT axial slice. (b) Segmented 3D vasculature. (c) Unsegmented nCT
volume. Images adapted from [I].

4.2. Brownian Tomography at the Nanoscale

Kang et al. [4] introduced Brownian tomography, a 4D tomographic frame-
work for reconstructing the shape and motion of single platinum nanocrystals
suspended in liquid. In this setting, graphene liquid-cell TEM produces ex-
tremely noisy, anisotropic 2D projections of rapidly moving particles, condi-
tions under which classical electron tomography fails because motion and low
signal violate the assumption of consistent projection geometry. To address
this, the workflow combines fast LC-TEM imaging with a deep neural network
that estimates each particle’s orientation and 2D contour. These contours act
as constraints for voxel carving, yielding coarse 3D volumes that are subse-
quently refined through temporal shape optimization to ensure smooth frame-
to-frame evolution. This enables reconstruction of nanoscale morphological
changes (such as rounding, etching, and facet restructuring) during chemical
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reactions The tomographic approach is crucial because it integrates multiple
projections with estimated poses to recover true 3D geometry. without it, only
2D silhouettes would be available, making volumetric and atomic-scale struc-
tural evolution impossible to quantify.
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Figure 3: (a) Brownian tomography workflow: LC-TEM imaging, DL-based
pose/contour estimation, voxel carving, and temporal shape optimization. (b) Time-
resolved 3D density representations showing nanoscale morphological evolution of a
single nanocrystal [4]).

4.3. Muon-Based Tomographic Reconstruction of Shielded Infras-
tructures

Muon tomography exploits naturally occurring cosmic-ray muons, whose
high penetration makes them suitable for imaging large, densely shielded struc-
tures. In the study by Lefevre et al. [6], trajectories recorded around the G3
reactor at Marcoule were used to reconstruct a 3D density distribution of the
reactor core. The technique operates on a principle analogous to X-ray tomog-
raphy: as muons pass through the reactor, their energy loss reflects the density
of the materials along their paths. A SART-based iterative reconstruction
method, refined with machine-learning corrections, processes these recorded
trajectories to recover the internal density field and reveal structural anomalies
within the heavily shielded environment.

This study shows that 3D tomographic principles remain applicable even
under extreme physical constraints, large volumes, sparse and anisotropic ray
coverage, and strong material attenuation, thereby expanding the domain of
tomography to nuclear infrastructure inspection.

Taken together, these examples highlight the growing role of 3D tomo-
graphic research as a link between experimental imaging and computational
modeling. Continued advances are essential for improving reconstruction re-
liability, quantitative accuracy, and interpretability across different domains,
and for enabling integrative, simulation-driven approaches capable of revealing
complex internal structures with high precision.



42 Lana Dujmovi¢ et al.

5. Conclusion

Three-dimensional tomographic reconstruction continues to evolve from
classical analytical formulations toward iterative, model-based, and learning-
driven methods capable of operating under limited data, noise, and complex
physical conditions. While Radon-based operators remain the mathematical
foundation, advances in regularization, statistical modeling, and data-driven
priors have substantially improved reconstruction fidelity across diverse imag-
ing settings. The applications demonstrate the versatility and expanding reach
of 3D tomography across spatial scales and scientific domains. Future progress
will depend on integrating physics-based models with simulation-guided and
machine-learning approaches, enabling accurate, interpretable, and computa-
tionally efficient reconstructions of increasingly complex internal structures.
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Abstract. Graphical representations of mathematical concepts often
tend to appear too abstract and disconnected from intuitive understand-
ing. To bring these principles closer to students, this work explores the
simulation of flocking behavior based on the Boids model, implemented
through the Niagara Particle System in Unreal Engine. By utilizing pro-
cedural functions to define local interaction rules, such as alignment, co-
hesion, and separation, the study demonstrates how mathematical ideas
underlying motion dynamics can be visualized in real time. The research
is envisioned as a foundation for future applications within courses such
as Simulation in Animation, Engineering Animation and Other Media,
and Design of 3D Space and Environments, highlighting the value of vi-
sual and interactive approaches in understanding algorithmic and physi-
cal systems.
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1. Introduction

The Boids algorithm (short for “bird-oid objects”) represents a ground-
breaking concept in computer graphics and Artificial Life. Developed in 1986
by Craig Reynolds, Boids introduced a distributed behavioral model for sim-
ulating collective motion observed in flocks of birds, schools of fish, or herds
of animals. Its primary goal was to achieve visually convincing and compu-
tationally efficient procedural animation, eliminating the need for laborious
manual scripting of individual object paths. The significance of the model lies
in its demonstration of emergent behavior, complex, synchronized group mo-
tion arising solely from simple local interaction rules applied to autonomous
agents [I][2]. Modern game engines such as Unreal Engine 5 (UE5) enable
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both visual and procedural, implementation of such systems through the Ni-
agara particle framework providing the capability for real-time simulation of
complex behaviors within virtual environments This paper explores the imple-
mentation of emergent behavior within a modern VFX context by integrating
the Boids model and the Niagara particle system in Unreal Engine [5]. Focus-
ing on the visualization of mathematical and procedural principles, it illustrates
applied mathematics through creative simulation, with potential uses in games,
interactive media, and intelligent animation systems related to courses such as
Simulation in Animation, Engineering Animation and Other Media and Design
of 3D Space and Environments.

2. Theoretical Framework and current implementations

For further understanding of this paper, it will be necessary to define the
problems that will be analysed. A brief overview of all important concepts will
be given in this chapter, as well as some of the recent implementations and
visualisations.

2.1. Mathematical Model of the Boids System

In his seminal paper “Flocks, Herds, and Schools: A Distributed Behav-
ioral Model” (1987), Craig Reynolds defined three simple behavioral rules that
govern how each agent, boid, moves through space. These rules form the foun-
dation of emergent group behavior, showing how coordinated structures arise
solely from local interactions, without any central control or global plan [I].

Mathematically, the position and velocity of the i-th boid at time ¢ are
represented as:

Zi(t), i(t)
The evolution of the system is governed by a coupled set of differential
equations:

d7;(t)
dt

d_'i t se ali co
= 5(t), vdit():FierFi1 + F§oh

(2.1)

where the three components represent local behavioral rules:

Separation (F;“") - Each boid tends to avoid getting too close to its neigh-
bors. Reynolds describes this as the avoidance of collisions with nearby flock-
mates. The rule ensures that individuals maintain a minimal distance, creating
a natural spread within the flock and preventing overlaps [2].

Alignment (F2%) - A boid aligns its direction and velocity with those of
its nearby flockmates (matching velocity with nearby flockmates). This pro-
duces synchronized, fluid motion characteristic of real flocks or schools moving
cohesively in one direction [2].

Cohesion (F£°")- Each boid seeks to remain part of the group by moving
toward the average position of its neighbors (tendency to move toward the
average position of local flockmates). This keeps the flock spatially compact
and prevents dispersion [2].
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2.2. Implementation using C++ / OpenGL

This is a practical, low-level implementation of the Boids algorithm
built with C++, OpenGL, and Dear ImGui, focusing on developing a high-
performance and fully controllable flocking simulation from the ground up.
The algorithm follows Reynolds’s three behavioral rules (alignment, separa-
tion, and cohesion) where each agent calculates forces based on its neighbors
and updates its position and velocity in every frame (Figure‘ The simulation
integrates these rules through a weighted system of parameters (for example,
a, B, v coefficients), enabling interactive adjustment of flock dynamics in real
time [3].

Figure 1: Visualization of Boids in OpenGL: (a) initialization, (b) flock formation,
(c) emergent flow [3].

While the system produces smooth and realistic flocking behavior, boids are
rendered as simple geometric shapes. It also requires solid programming skills
in C++ and a basic understanding of the graphics pipeline. This makes the
implementation useful for demonstrating the mathematical and computational
principles behind emergent behavior and serves as a reference for higher-level
frameworks like Unreal Engine’s Niagara system, where similar concepts can
be applied without low-level coding.

2.3. Implementation in Unity

In “Simulation of Boid Type Behaviours in Unity Environment” (2021), the
authors implemented Reynolds’s three behavioral rules, separation, alignment,
and cohesion, directly within Unity’s 3D environment using C# scripting and
the built-in physics system [4]. Each boid was represented as a lightweight par-
ticle or simple 3D object that continuously updated its position and velocity
based on nearby agents detected within a fixed perception radius (Figure .
This neighborhood detection was optimized using Unity’s spatial query func-
tions to ensure real-time performance even for larger swarms. The visualization
made use of Unity’s Scene View and Game View for simultaneous inspection
of both algorithmic behavior and rendered motion. The authors noted that
the emergent flocking patterns, turning, grouping, and smooth avoidance, were
“visually convincing and stable across various population densities.”
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Figure 2: Visualization of a BOID group in the Unity environment. The Reynolds
forces (separation, alignment, and cohesion) were parameterized through a frequency
coefficient. Subfigures (a), (b), and (c) illustrate the resulting variations in behavior
as this coefficient is adjusted [4].

While the presented models are relatively simple and computationally effi-
cient, it remains an open question how the same system would perform with
complex, animated meshes, where per-agent updates could significantly in-
crease processing cost.

3. Applications in UE 5.6

This chapter presents the visualization and simulation of the Boids algo-
rithm, specifically the flocking behavior of birds and fish, developed in Unreal
Engine 5.6 using the Niagara particle system (see Figures [3| and .

While the Unity implementation relied on object-based simulation, the Nia-
gara framework treats each boid as an individual particle instance governed by
user-defined behavior modules. These modules are constructed through node-
based scripts, allowing procedural control of particle position, velocity, and in-
teraction directly within the editor’s visual environment. Each particle operates
as an autonomous agent that continuously evaluates its surroundings accord-
ing to Reynolds’s three behavioral rules: separation, alignment, and cohesion.
The system utilizes GPU-accelerated rendering, which supports higher pop-
ulation counts and smoother real-time performance compared to CPU-based
approaches, offering an efficient platform for studying emergent motion.

3.1. Mathematical Vector-Based Forces in Niagara

In Unreal Engine’s Niagara system, particle motion is defined through
vector-based mathematical functions acting in three-dimensional space. These
functions modify particle position and velocity via transformations that reflect
physical or behavioral principles such as turbulence, drag, attraction, and rota-
tion. Each force represents a vector field F (7, t) influencing motion according
to
(3.1) & _En

dt m
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By combining several operators, Niagara reproduces complex emergent behav-
iors from simple local interactions, aligning with Reynolds’s flocking dynamics
model.

Figure 3: Visualization of bird flocking behaviour (a) initialization, (b) flock forma-
tion, (c) emergent flow.

The Curl Noise Force adds spatially coherent turbulence by applying the
curl of a 3D noise field. Drag simulates viscous damping proportional to ve-
locity, ensuring smooth motion. Point Attraction Force drives particles toward
a target, modeling cohesion or goal-seeking behavior. Add Velocity integrates
multiple computed influences into a single motion update. Vortex Force in-
duces rotational flow around an axis, and Point Force generalizes attraction
and repulsion for obstacle avoidance or spatial structuring [5].

(b) (c)

Figure 4: Visualization of fish shoaling behaviour (a) initialization, (b) shoaling
formation, (c) emergent flow.

Together, these modules illustrate how Niagara’s procedural system trans-
forms mathematical vector operations into visually coherent simulations of col-
lective motion, merging physics-based modeling with real-time graphics.

3.2. Discussion and observation

Compared to object-oriented implementations in Unity and low-level
C++/0OpenGL simulations, Niagara provides a higher degree of procedural
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flexibility and visual realism. The node-based system abstracts the underly-
ing mathematics while maintaining control over physical accuracy, enabling
rapid experimentation with large agent populations. Its GPU-driven archi-
tecture supports complex emergent behavior without significant performance
loss, demonstrating how mathematical concepts can be effectively visualized
through modern VFX workflows. Future applications may extend toward inter-
active scenarios, such as Blueprint-driven character responses or virtual crowd
visualization, where behavioral rules can dynamically adapt through fuzzy or
Al-based control schemes [2].

4. Conclusion

Overall, the Niagara implementation confirms that Unreal Engine 5 pro-
vides a robust foundation for real-time visualization of emergent systems, bridg-
ing scientific simulation with cinematic-quality rendering. The resulting work-
flow illustrates how behavioral algorithms such as Boids can evolve from purely
computational experiments into expressive, interactive, and visually rich sim-
ulations. The research is expected to support future work in courses such as
Simulation in Animation, Engineering Animation and Other Media, and Design
of 3D Space and Environments, by providing a framework for demonstrating
motion simulations through the Niagara particle system. This system relies
on vector algebra, local-space transformations, and particle lifecycle manage-
ment, offering students a more intuitive and visual approach to understanding
algorithmic and physical motion.
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Abstract. This paper presents a comparative study of shape convexity
descriptors with a particular focus on a newly proposed measure based on
the first Hu moment invariant. While conventional convexity measures
such as area- and perimeter-based ratios offer intuitive interpretations,
they lack full invariance under geometric transformations. We propose
a novel convexity measure which leverages the relation between the first
Hu moment invariant and the integral of squared distances over shape
regions. This measure is shown to be invariant under translation, rota-
tion, and scaling, and satisfies all essential properties expected from a
convexity descriptor. Experimental results on a variety of planar shapes
confirm its discriminative power and robustness, particularly in scenarios
involving non-convex and multi-component shapes.
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1. Introduction

Convexity is one of the fundamental geometric properties of planar shapes,
closely related to structural integrity, boundary regularity, and spatial com-
pactness. Quantitative convexity descriptors aim to numerically express how
much a shape deviates from being convex. These descriptors play a central role
in digital shape analysis, with wide applications across multiple scientific and
engineering disciplines.

In engineering, convexity measures are used in automated quality control
and defect detection on manufactured parts, where deviation from convexity
often signals damage or misalignment. In precision agriculture, shape convexity
helps in plant species recognition, leaf disease detection, and crop phenotyping
using drone or satellite imagery. In medical imaging, convexity descriptors as-
sist in segmentation and classification tasks—particularly for detecting tumors,
lesions, or anatomical irregularities where shape deformities provide diagnostic
cues.
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While many convexity measures have been proposed—most notably area-
and perimeter-based ones — these are often sensitive to non-similarity transfor-
mations or limited in their ability to capture subtle shape deviations. Moment-
based descriptors, on the other hand, offer strong mathematical foundations
and allow for invariance under translation, rotation, and scaling. In this work,
we build upon a recent interpretation of the first Hu moment invariant and
derive a new convexity descriptor denoted as C**(S). This measure is theoret-
ically sound and practically robust, especially when dealing with non-convex
and multi-component shapes.

The paper is structured as follows: in Section 2, we recall the necessary
mathematical preliminaries. Section 3 introduces the C**(S) measure and
analyzes its theoretical properties. Section 4 presents comparative experimental
results with classical convexity descriptors.

2. Preliminaries

We begin by listing basic definitions to support understanding of the main
results and to establish assumptions ensuring theoretical correctness.

A shape, as a fundamental object property similar to color or texture, is
typically represented as a bounded (not necessarily connected) region in the
plane, defined by foreground pixels in a binary image. For a planar shape S,
the moment of order p + ¢, denoted as m,, 4(S), is defined as:

(2.1) myp q(S) = // xPyldzdy.
S

The zero-order moment mgo(S) gives the area of the shape, while

mi1,0(S)  mo,1(S)
mo,0(S)’ mo,0(S)

the shape, central moments, denoted by m, ,(S), are introduced:

(2.2) ipg(S) :/] (& — 2o(S)) (4 — ye(S))" du dy.

(z,y)€S

) determines its centroid. Since translation does not affect

However, central moments are not invariant to scaling. To achieve scale invari-
ance, we define the normalized central moments as:

1
(2:3) Hpa(S) = mo,0(S)PHa+2)/2

'mp,q(s)-

Achieving rotational invariance is more challenging. In his seminal work [3], Hu
introduced a set of seven algebraic moment invariants with respect to rotation.
This paper focuses on the first Hu invariant, which involves only second-order
shape moments:

(24) Hu(S) = p20(S) + poa(S) = — - (W20(S) + o (S))

m0,0(.5)
Note that all Hu invariants are also geometric moment invariants, as they
can be derived from geometric primitives [4]. This enables their use as shape
descriptors in image processing and computer vision.
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We will evaluate the behavior of our proposed convexity measure against
two common alternatives: CA7¢?(S) and CT¢"(S) [1], defined as:

Area(S)
Area(Seh)’

Perimeter(S°h)

2.5 Area — R
(25) Cree(s) Perimeter(S) ’

CPer(S) —
where S°* denotes the convex hull of the shape S.

3. Convexity measure based on the first Hu moment in-
variant

In this section, we present the new measure of shape convexity originally
defined in [B] and which is based on a new interpretation of the first Hu moment
invariant, introduced in [2], which serves as the base for deriving a new shape
measure. Following by this result, we started from the quantity Zsp(S), rep-
resenting the integral of the square of the distance between all pairs of points
of the shape S, defined as follows (for the full derivation, see [5]):

Zsp(S // // x—z t)Q)dxdydzdt

(z,y)€S (2,t)€S

(31) = mo’o(S) . (mgyo(S) +m0,2(5)) .
Now, based on ([2.4) and (3.1) it follows that

Ten(S) = — (a0 (S) + T0a(S) = Hu(S).

(3:2) mo,0(S)?

mo,0(S)?3
This result, originally introduced in [2], implies that the first Hu moment invari-
ant can be expressed by means of the integral of the squared distance between
all pairs of points belonging to the shape normalized by the the area of the
shape itself. Given the quantity Zsp(S) can be expressed in terms of the area
and the first Hu moment invariant related to the shape considered, it is invari-
ant to translation and rotation. Based on this, if the same reasoning is applied
to the convex hull of S, denoted with S", the following holds:

Tsp(Sh) = // // (z — 2)? —t)?) dedydzdt

(z,y)€Sch (2,t)€SCh

(3.3 // // T —2z) —t)?)drdydzdt = Zsp(9).

(w,y )eS (2,t)eS

The latter represents a key result that provides the foundation for deriving
in [5] a new shape measure evaluating the degree to which a given shape is
convex. In this context, we present the following lemma, whose results are a
direct consequence of the last inequality in (3.3)).

Lemma 3.1. For an arbitrary shape S, the following statements hold:
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Zsp(S)
Zsb\2) .
ISD(SCh) —

(b) Isp(S) = Zsp(Sh) & §=8.

(a) 0 <

Based on the results in Lemma [3.1] we can conclude that the observed ratio
can be used in a certain way to characterize how much the shape S deviates
from its convex hull, i.e., how convex it is. Accordingly, we have the following
definition.

Definition 3.2. Given a shape S, the shape convezity measure CH%(S) is
defined as

ISD(S) _ m070(5)3 . HU(S)
Tsp(S°") Mmoo (S")3 - Hu(Sh)

(3.4) cHn(s) =

Such a defined convexity measure C%(S) also satisfies all the basic prop-
erties that any well-defined convexity measure should satisfy. Some of these
properties are given in the following theorem, which we state here without
proof. For more details about C*(S) and its properties, the reader is referred
to the paper [5] where the measure C%(S) itself was originally designed.

Theorem 3.3. For the convexity measure CH%(S) the following holds:
(a) CH*(S) € (0,1], for all shapes S;
(b) CH(S)=1 & Sis a convex shape;

(c) CH(S) is invariant under similarity transformations (i.e., translation,
rotation and scaling);

(d) the lower bound O for CH*(S) is the best possible, i.e., for each € > 0
there exists a shape S such that 0 < CH%(S) < e.

4. Experimental illustration of the convexity measures

In this section, we present several illustrative experiments to compare the
behavior of the shape convexity measure C**%(.S) with two commonly used con-
vexity measures: CA7¢?(S) and C**"(S) [1]. The performance of these measures
is illustrated on synthetically generated shapes, with modifications including
the size and relative position of the holes within the shape.

The first experiment illustrates the behavior of the three convexity mea-
sures with respect to the relative position of the indentation within the shape,
without changing its size (shape examples are shown in Figure 1, (a)—(c)). As
observed from the first plot in Figure 2, the area and perimeter of both the
shape and its convex hull remain unchanged, causing CA7°*(S) and C**"(S) to
be insensitive to the indentation’s position. This can be considered a weakness
compared to CH#%(S), which is able to distinguish between the given shapes.
Notably, the measured C*(S) value is invariant with respect to the symmet-
rical placement of the indentation. This behavior aligns with the theoretical
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results established in the previous section, confirming that the proposed mea-
sure is invariant under shape similarity transformations (the examined shape
pairs are rotation-invariant around the vertical axis of symmetry).

In the second experiment, we examine how the convexity measures respond
when the width of the indentation increases (Figure 1, (d)—(f)). As expected,
the convexity decreases, which is reflected in both CH%(S) and CA™¢%(S) (see
the central plot in Figure 2). In contrast, the perimeter-based measure C7¢"(S)
remains unchanged, indicating its insensitivity to such deformation. This is
consistent with its definition: increasing the indentation width does not alter
the perimeters of the shape or its convex hull, while the area of the shape
decreases relative to the unchanged convex hull area.

In the final experiment, we consider the case where the side length of the
square hole within the shape increases (Figure 1, (g)—(i)). As anticipated, the
convexity decreases, which is captured by all three measures (see the third plot
in Figure 2). This behavior is in full accordance with their definitions: a larger
internal hole leads to a greater deviation between the shape and its convex hull.

(a) (b) (©)

M ™

(d) (e) ()

B O []

(2) (h) (i)

Figure 1: Shapes obtained from the squares for different hole positions (first row),
indentation width (second row) and size of the holes (third row).
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Figure 2: Plots of computed C#*(S),C4"**(S) and CF*"(S) values with respect to
hole position, indentation width, and hole size within the shape.
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